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Abstract Within the framework of Taylor models,no fundamentaldifferenceexists be-
tweentheantiderivationandthemorestandardelementaryoperations.Indeed,a
Taylormodelfor theantiderivativeof anotherTaylormodelis straightforwardto
computeandtrivially satisfiesinclusionmonotonicity.

Thisobservationleadsto thepossibilityof treatingimplicit ODEsand,more
importantly, DAEs within a fully DifferentialAlgebraiccontext, i.e. asimplicit
equationsmadeof conventionalfunctionsaswell astheantiderivation. To this
end,thehighestderivative of thesolutionfunctionoccurringin eithertheODE
or the constraintconditionsof theDAE is representedby a Taylor model. All
occurringlowerderivativesarerepresentedasantiderivativesof thisTaylormodel.

By rewriting this derivative-freesystemin a fixed point form, the solution
can be obtainedfrom a contractingDifferentialAlgebraic operatorin a finite
numberof steps. Using Schauder’s Theorem,an additionalverification step
guaranteescontainmentof theexactsolutionin thecomputedTaylormodel.As
aby-product,weobtaindirectmethodsfor theintegrationof higherorderODEs.
Theperformanceof themethodis illustratedthroughexamples.

Keywords: Intervals,Taylor models,DifferentialAlgebra,Antiderivation,OrdinaryDiffer-
entialEquations,DifferentialAlgebraicEquations

1. Intr oduction

While sophisticatedgeneral-purposemethodsfor theverifiedintegrationof
explicit ODEshave beendeveloped(Lohner, 1987;Berz andMakino, 1998;
Nedialkov et al., 1999), noneof thesecan readily be usedfor the verified
integrationof implicit ODEsor DifferentialAlgebraicEquations.Herewewill
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presentanew methodfor theverifiedintegrationof implicit ODEsthatcanbe
extendedto generalhigh index DAEs.

By using a structuralanalysis(Pantelides,1988;Pryce,2000), it is often
possibleto transformagivenDAE into anequivalentsystemof implicit ODEs.
If thederivedsystemis describedby aTaylormodel,representingeachderivate
byanindependentvariable,verifiedinversionof functionaldependencies(Berz
andHoefkens,2001;HoefkensandBerz,2001)canbeutilized to solve for the
highestderivatives.TheresultingTaylormodelformsanenclosureof theright
handsideof anexplicit ODEthatis equivalentto theoriginalDAE. While this
explicit systemis suitablefor integrationwith Taylor modelsolvers(Berzand
Makino, 1998),the approachis limited to relatively small systems,sincethe
intermediateinversionrequiresa substantialincreasein thedimensionalityof
theproblem. An implementationof this inversion-basedDAE integrationhas
recentlybeenpresented(Hoefkenset al., 2001).

Here,we will derive a methodfor theverifiedintegrationof implicit ODEs
thatisbasedontheobservationthat solutionscanbeobtainedasfixedpointsof a
certainoperatorcontainingtheantiderivation. Wewill show thatthisdifferential
algebraicoperatoris particularlywell suitedfor practicalapplications,sinceit
is guaranteedto convergeto theexactsolutionin atmost � steps(where�����
is theorderof theTaylor model). Theunderlyingmathematicalconceptsare
reviewed in Section2 andthe main algorithmis presented,togetherwith an
example,in Section3.

Sincethemethodcanalsodeterminetheindex (AscherandPetzold,1998)
anda schemefor transformingDAEs into implicit ODEs, it canbe usedto
computeTaylormodelenclosuresof thesolutionsof DAEs. Additionally, due
to thehighorderof theTaylormodelmethods( �����
	 is notuncommon),the
schemecanbeappliedto high-index problemsthatareevenhardto integrate
with existing non-verifiedDAE solvers.

2. Mathematical Structur es

In this sectionwe review themathematicalconceptsthat form thebasisof
theTaylor modelmethodandthenew integrationschemeto be introducedin
Section3. Sinceourmainfocusis thepresentationof saidalgorithm,andsince
mostof thematerialhasbeenpresentedelsewhere,we will bequite terseand
provide appropriatereferenceswherever necessary.

2.1. Differ ential Algebraic Methods

The differential algebra ���� (Berz, 1999) plays an importantrole in the
remainderof this paper. After giving a brief introduction,we will statean
importantfixedpoint theoremfor operatorsdefinedon � � � . In Section3, this
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theoremwill enableus to obtainsolutionsof implicit ODE systemsby mere
iterationof a relatively simpleoperator.

Definition 1 Let � ��� � be open and assumethat 	�� � . For ����� �� ����� � �!�"�$#&% we say that � equals� up to order � if � � 	 % � � � 	 % and all
partial derivativesof orders up to � agreeat the origin. If � equals� up to
order � , wedenotethatby � � � � .

The relation“ � � ” is an equivalencerelationon
� �
���'� �(�"�$#)% , andthe set

of equivalenceclassesis called � � � ; theclasscontaining� � � ����� � �!�"� # % is
denotedby *+�-, � , andtheindividual equivalenceclassesarecalledDA vectors.

Proposition1 Let � be as in the previous definition. If we denotethe � -th
order Taylor expansionof � at theorigin by .0/ , then .1/ is a representativeof
theclass *+�-,2� —i.e. .0/ � *+�-,2� .

Since� -th orderTaylorpolynomialscanbechosenasrepresentativesfor the
DA vectors,thestructureandits elementaryoperationsarethe foundationof
theimplementationof theTaylor polynomialdatatypein thehigh ordercode
COSY Infinity (Berz et al., 1996). It shouldbe notedthat � � � becomesan
algebraif theelementaryoperations(andevenintrinsic functionslike 35476 and8:92; ) aredefinedappropriately. Moreover, afterproperlyextendingthederivative
operation< from the set

� �����'� �!�"�$#&% to � � � , the latter forms a differential
algebra.The relevanceof this structurefor computationalapplicationsstems
from resultsthatarebasedon thefollowing definition.

Definition 2 For *+�-, � � � � � , thedepth = � *+�-, � % is definedto betheorder of
the first, at the origin non-vanishingderivativeof � if *+�-, �?>�@	 and �BADC
otherwise.

Let E bean operator definedon F � � � � . E is contractingon F , if for
any *+�-,2� >� * �G,2� in F , wehave= � E � *+�-, � %IHJE � * �G, � %"%LKM= � *+�-, � HN* �O, � %QP

If onecomparesthedepth = with a normon Banachspaces,this definition
resemblesthecorrespondingdefinitionof contractingoperators.Moreover, a
theoremthat is equivalent to the BanachFixed Point Theoremcanbe estab-
lished.But,unlikein theusualcase,thefixedpointtheoremon � � � guarantees
convergenceof thesequenceof iteratesin atmost �RASC steps.

Theorem 1 (DA Fixed Point Theorem) Let E bea contractingoperator and
self-mapon F � � � � . Then E hasa uniquefixedpoint T � F . Moreover,
for any T7U � F thesequenceT7V � E � T7V W � % convergesin at most�RASC steps
to T .
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A detailedproof of this theoremhasbeengiven in (Berz, 1999). Since
theDA Fixed PointTheoremassurestheconvergenceto theexact � -th order
result in at most �XA?C iterations,contractingoperatorsareparticularlywell
suitedfor practicalapplications. For the remainderof this article, the most
importantexamplesof contractingoperatorsaretheantiderivation,purelynon-
linear functionsdefinedon thesetof origin-preservingDA vectors,andsums
of contractingoperators.

2.2. Taylor Models

Taylor modelsarea combinationof multivariatehigh orderTaylor polyno-
mialswith floating point coefficientsandremainderintervals for verification.
They have recentlybeenusedfor a varietyof applications,includingverified
boundingof highly complex functions,solutionof ODEswith substantialre-
ductionof thewrappingeffect(MakinoandBerz,2000),andhigh-dimensional
verifiedquadrature(Makino andBerz,1996;Berz,2000).

Definition 3 Let Y �Z� � be a box with [ U � Y . Let \^]_Y ` � # be a
polynomialof order � ( � �"ab�"c �d� ) and ef��� # bean opennon-emptyset.
Thenthe quadruple � \)�"[ U �gYN�:eh% is called a Taylor modelof order � with
expansionpoint [ U over Y .

In generalweview Taylormodelsassubsetsof functionspacesby virtueof
thefollowing definition.

Definition 4 Givena Taylor model . � � \)�"[ U �gYM�:eh% . Then . is thesetof
functions� � � ����� � YM�"� # % that satisfy � � [1%IHd\ � [1% � e for all [ � Y and
the � -th order Taylor expansionof � around [ U � Y equals\ . Moreover, if� � � ����� � Yi�"� # % is containedin . , . is calleda Taylor modelfor � .

It hasbeenshown (Makino andBerz, 1996;Makino andBerz, 1999)that
theTaylor modelapproachallows theverifiedmodelingof complicatedmul-
tidimensionalfunctionsto high orders,and that comparedto naive interval
methods,Taylormodels

increasethesharpnessof theremaindertermwith the � �jAkC % -storderof
thedomainsize;

avoid thedependency problemto highorder;

offer acurefor thedimensionalitycurse.

Thereis anobviousconnectionbetweenTaylor modelsandthedifferential
algebra� � � throughtheprominentroleof � -th ordermultivariateTaylorpoly-
nomials.This connectionhasbeenexploitedby basingtheimplementationof
Taylor modelsin thecodeCOSYInfinity on thehighly optimizedimplemen-
tationof thedifferentialalgebra� � � .
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Antideri vation of Taylor Models. For a polynomial \ , we denoteby \ �
all termsof \ of ordersupto (andincluding) � andby l � \)�gYm% aboundof the
rangeof \ over thedomainbox Y . Then,theantiderivationof Taylormodels
is given by the following definition (Berz andMakino, 1998;Makino et al.,
2000).

Definition 5 For a � -th order Taylor model . � � \)�"[ U �gYN�:eh% and n �C �oPoPoP �"a , letp V �rqts uU \ � W � � [ � �oPoPoP �"[�V'W � �"vwV�"[-V ��� �oPoPoP �"[ � %yxOvwVGP
Theantiderivative< W �V of . is definedby< W �V � .z% � � p VG�"[ U �gYM� � l � \ � H�\ � W � �gYm% A eh%�{'l � [-V�gYk%"%-P

Since
p V is of order � , the definition assuresthat for a � -th orderTaylor

model . , theantiderivative < W �V � .z% is againa � -th orderTaylormodel.More-
over, sinceall termsof . of exact order � areboundinto the remainder, the
antiderivation is inclusionmonotoneandletsthefollowing diagramcommute.�X| }~.0/

� s uU � � vG%�xOvwV
� s uU^� | }�< W �V � .0/O%

< W �V�
It isnoteworthythattheantiderivationdoesnotfundamentallydiffer fromother
intrinsic functionsonTaylormodels.Moreover, sinceit is DA-contractingand
smoothness-preserving, it hasdesirablepropertiesfor computationalapplica-
tions. Finally, it shouldalsobenotedthattheantiderivationof Taylormodelsis
compatiblewith thecorrespondingoperationon thedifferentialalgebra� � � .
3. Verified Integration of Implicit ODEs

In thissectionwepresentthemainresultof thisarticle: aTaylormodelbased
algorithmfor theverifiedintegrationof thegeneralODE initial valueproblem� � [��"[b���"�:% �S	 and [ � 	 % � [ U P
Without loss of generality, we will assumethat the problemis statedas an
implicit first ordersystemwith asufficiently smooth

�
.

UsingTaylormodelmethodsfor theverifiedintegrationof initial valueprob-
lemsallows thepropagationof initial conditionsby notonly expandingtheso-
lution in time,but alsoin thetransversevariables(BerzandMakino,1998).By
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representingtheinitial conditionsasadditionalDA variables,theirdependence
canbepropagatedthroughtheintegrationprocess,andthisallowsTaylormodel
basedintegratorsto reducethewrappingeffecttohighorder(MakinoandBerz,
2000).Moreover, in thecontext of thisalgorithm,expandingtheconsistentini-
tial conditionsin thetransversalvariablesfurther reducesthewrappingeffect
andallows the systemto be rewritten in a derivative-free,origin preserving
form suitablefor verifiedintegration.

Later, it will be shown that thenew methodalsoallows thedirect integra-
tion of higherorderproblems,oftenresultingin a substantialreductionof the
problem’s dimensionality. After presentingthe algorithm, an examplewill
demonstrateits performance,andin 3.2 the individual aspectsof the method
will bediscussedin moredetail.

A single � -th order integrationstepof the basicalgorithmconsistsof the
following sub-steps:

1 Usingasuitablenumericalmethod(e.g.Newton),determineaconsistent
initial condition [ � � 	 % � [ � U suchthat

� � [ U �"[ � U � 	 % �S	 .

2 Utilizing theantiderivation,rewrite theoriginal problemin a derivative-
freeform: � � vy�"�:% � ��� [ U Aiqk�U v ��� %�x � �"vy�"��� �S	 P

3 Substitute� � v�H�[ �U to obtainanew function � � ���"�:% � � � � A [ � U �"�:% .
4 Using the DA framework of ���� , extract the constantandlinear parts

from thepreviousequation: � � ���"�:% � �!� At�!� � �% Ak� � � �"% .
5 If ��� is invertible,transformtheoriginal problemto anequivalentfixed

point form � � E � �7% � H � W �� � � � ���"�:%�H ��� � �7%"%�P
On the other hand, if ��� is singular, no solution exists for the given
consistentinitial condition.

6 Iterationwith a startingvalueof �y� U:� ��	 yieldsthe � -th ordersolution
polynomial \ � �"% � � � � �:% in atmost � steps.

7 Verify the resultby constructinga Taylor model . , with the reference
polynomial \ , suchthat E � .�%L�k. .

8 Recover thetimeexpansionof thedependentvariable[ � �:% by addingthe
constantpartsandusingtheantiderivation:[ � �"% � [ U A q �Ur� � ��� % A [ � U5� x � P
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Fromthisoutline,it is apparentthat,by replacingall lowerorderderivativesof
aparticularfunctionby itscorrespondingantiderivatives,themethodcaneasily
bemodifiedto allow directintegrationof higherorderODEs. In thatcase,the
generalsecondorderproblem� � [��"[ � �"[ � � �"�:% �S	 [ � 	 % � [ U ��[ � � 	 % � [ � U
couldbewrittenas� � vy�"�:% � � � [ U A q �U � [b�U A qt�U v ��� %�x � �Bx � �"[-�U A q �U v ��� %�x � �"vy�"��� �S	 P
And oncethe function

�
hasbeendetermined,the algorithmcontinueswith

minor adjustmentsat the third step. Similar argumentscanbemadefor more
generalhigherorderODEs.

3.1. Example

Earlier, weindicatedthatthepresentedmethodcanalsobeusedfor thedirect
integrationof higherorderproblems.To illustratethis, andto show how the
methodworksin practice,considertheimplicit secondorderODEinitial value
problem � so� � A [ � � A [ � 	[ � 	 % � [-U � C[ � � 	 % � [ � U � 	 P
While the demonstrationof this exampleusesexplicit algebraictransforma-
tions for illustrative purposes,it is importantto keepin mind that the actual
implementationusesthe DA framework and doesnot rely on suchexplicit
manipulations.

1 Computea consistentinitial valuefor [ � �U � [ � � � 	 % suchthat

� s � �  A [ � �U A[ U �D	 . A simpleNewton method,with a startingvalueof 	 , finds the
uniquesolution [ � �U � H C P �G¡
¢¤£O¥¤£O¦¤£O�G¡
¥yCo	O¡'£ in justa few steps.

2 RewritetheoriginalODEinaderivative-freeformbysubstituting v � [ � � :� � vy�"�:% � �w§ � � � A v � �:% A � [ U A qt�U � [ � U A q �U v ��� %�x � � x � � �S	 P
3 Definethenew dependentvariable � asthe relative distanceof v to its

consistentinitial valueandsubstitute� � v�H¨[ � �U in

�
to obtainthenew

function � :� � ���"�:% � � A [ � �U A � so� �  � � ASC(A [ � �U� ��© A q �U qk�U � ��� %�x � x � �S	 P
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4 The linearpart ��� � �7% of � is CLA � so� �  ; C is theconstantcoefficient and
� so� �  resultsfrom thelinearpartof theexponentialfunction

� �
.

5 With �!� from the previous step,the solution � is a fixed point of the
contractingoperatorE :ª_«¬&®2ªo¯-« °°-±³²:´"µ µ¶· ² ´ µ µ¶ ®2ªI¸ ²g¹ ¯y¸»º � �  ¸ ° ¸ º � � ¼z½¿¾ ¸ÁÀ³Â  À³Ã  ª¤®ÅÄ7¯ÇÆoÄÆoÈ'ÉhÊ

6 Startwith aninitial valueof � � U:� �S	 , to obtainthe � -th orderexpansion\ of � in exactly � steps: ��� V ���Ë� � E � �y� V � � .
7 TheresultisverifiedbyconstructingaTaylormodel. with thecomputed

referencepolynomial \ suchthat E � .z%)�k. (referencepoint � U ��	 and
timedomain* 	 � 	 P ¦ , ). With theTaylormodel. � � \)� � H Co	 W �ÍÌ � Co	 W �ÍÌ % �
(referencepoint anddomainomitted),it isE � .z% � � \)� � H 	 P ¥�¦�Î�¢
	O¡�¡
����¦
	O¥ { Co	 W �ÍÌ � 	 P ¥�¦�Î�¢�¦G¡
ÏyCwÎyC5£OÏ { Co	 W �ÍÌ % � P
Since\ is afixedpointof E , theinclusion E � .�%(�k. canbecheckedby
simply comparingthe remainderboundsof . and E � .z% ; the inclusion
requirementis obviously satisfiedfor theconstructed. .

8 Lastly, a Taylor model for [ is obtainedby usingthe antiderivation of
Taylormodels:[ � �"% �XÐ�� [ U Aiq �U � [ � U Aiq �U � [ � �U A � ��� %"%�x � %�x � P
The following listing shows the actualresultof order25 computedby
COSYInfinityÑ5ÒoÓÕÔoÓQÑ
Ö"Ó5×5ØÚÙÜÛ ÝwÞÚßáà5â7ã~ÝQÔwß äÖæåoÞQÙ5ç5ç'Ö:å'Ö"Ù5ÝÚè ÞgÑÚÒoÙÚÑä ä�é�ê5êÚê5ê5ê5ê5êÚê5ê5ê5ê5êÚê5ê5ê êàìëyé�íÚîoïÚàÚîoà5àÚð¤ä�î5ñoê5âQî5ðoê àîáêyéóò�ä"íÚí5í5í5í5íÚí5í5í5í5íÚí5íÚñÚÙwëÚê¤ä òòôëyé�ä"ï5ïQîoï5à¤ä�òoêQòoð5ð5ð5à5àÚîÚÙwëÚê5à íâìêyé�íÚî
äËòwïQòwâQòÚò�ä5ä"í5ïÚï5â5ïQÙwëÚêQò ñíìêyé�à5íÚî5â5â5àQòwïQîoêQòwíQòoâQòoñÚÙwëÚê5â ä"êðáëyéóò5ò�äÚä5ä"ê5âÚð5ï¤ä"êÚñoíÚí5à5âQÙwëÚê5í ä"àñáëyé�ä"âÚîÚîoê5ïQò5òoíÚðoâ¤ä"ïÚï5ï5àQÙwëÚêÚð ä�òïìêyéÇñ
ä"êgòoðoêÚð5ðÚðoí5â5àÚñÚñ5î
ä�ÙwëÚêÚñ ä"íä"êìëyéÇî5î5ñQò�ä5ä"íÚîÚñoà5ï5í¤äÚä"í5àQÙwëÚê5ï ä�ñä5ä^ëyé�ä�î5ñ5ïÚðoà5ï5êÚêÚî5ð5ñ5ð5ï5í5êQÙwëÚê5ïõà5êä"àìêyé�ä"ïÚñ¤ä"êÚð5ñoíÚï5â5í5êQò5îoí¤ä�Ùwë'ä"êõà5àä�îáêyé�ä"âQòoï5ïÚñ5ðoàQð5îÚòwï5âÚíÚðoêQÙwë'ä5äôàQòë5ë5ëÚë5ë5ë5ë5ëÚë5ë5ë5ë5ëÚë5ë5ë5ë5ëÚë5ë5ë5ë5ëÚë5ë5ë5ë5ëoëÚë5ë5ë5ëoë



9Ô5ÓÚÑ Ñ5Ù5ç5ÙÚÑoÙÚÝoåÚÙ�öwÞ Ö�Ý5è Ò Þg÷5Ó¤Ö"Ý�Ö"Ý5èÚÙÚÑ5ÔoÓ5Øäæêyé�êÚê5ê5ê5ê5êÚê5ê5ê5ê5êÚê5ê5ê5ê øóêyé�ê5ê5êÚê5ê7ã�êyé�âÚê5ê5ê5êQùÑoÙÚ÷oÓ¤Ö�ÝÚÒoÙÚÑ×wÞ"úwÝÚÒ¨Ö"Ý5èÚÙÚÑ5ÔoÓ5ØÑ øÇëyé�à5âÚê5ê5à5âÚîÚð5ðoâÚðoíÚà5êÚîÚò5Ùoë5ê¤ä�ò�ã�êyé�àoâ5ê5êÚêoê5ê5ê5ê5êoêÚê5ê5êoêÚîÚÙoëoê¤ä�ò5ùûÚû5û5û5û5ûÚû5û5û5û5ûÚû5û5û5û5ûÚû5û5û5û5ûÚû5û5û5û5ûÚûoû5û5û5ûoû5ûÚû5û5ûoû5û5ûÚûoû5û5û5û5ûoûÚû5û5ûoû5û5ûÚûoû5û5û5û
This examplehasshown how thenew methodcanintegrateimplicit ODE

initial valueproblemsto high accuracy. It shouldbenotedthat themagnitude
of the final enclosureof the solutionis in the orderof Co	 W �ÍÌ for a relatively
largetimestepof ü�� �S	 P ¦ .

Extensionsof thisbasicalgorithmincludetheautomatedintegrationof DAE
problemswith index analysis,multipletimestepsandautomatedstepsizecon-
trol, andpropagationof initial conditionsto obtainflows of differentialequa-
tions.

3.2. Remarks

Wewill now commentontheindividualstepsof thebasicalgorithmandfocus
onhow they canbeperformedautomatically, without theneedfor manualuser
interventions.

Step1. In theintegrationof explicit ODEs,theinitial derivative is computed
automaticallyaspartof themainalgorithm.Here,theconsistentinitial condi-
tion [ � U hasto beobtainedduringa pre-analysisstep(which is quitesimilar to
thecomputationof consistentinitial conditionsin thecaseof DAE integration).

Sincethe consistentinitial conditionmay not be unique,verified methods
have to be usedfor an exhaustive global search. To simplify this, the user
shouldbeableto supplyinitial searchregionsfor [ � U . As anillustrationof the
non-uniquenessof thesolutions,considertheproblem

� [b� � �"% � © A � 8:92; � �:%"% © �ýC and [ � 	 % ��	 P
Obviously, [ � U � H C and [ � U �þAÁC areboth consistentinitial conditionsand
leadto thetwo distinctsolutions[ � � �:% � H 8:9ÿ; � �"% and [ © � �"% �rA 8:92; � �:% .

Finally, it shouldbenoted, thatwehavetofindbothafloatingpointnumber[ � U
(suchthat

� � [-U
�"[ �U � 	 % �S	 is satisfiedto machineprecision)andaguaranteed
interval enclosure�

� � of therealroot. Wewill revisit thisissuein thediscussion
of steps6, 7 and8.

Step 2. With a suitableuser interfaceand a dynamically typed runtime
environment(e.g. COSY Infinity), the substitutionof the variableswith an-
tiderivatives canbe doneautomatically, and thereis no needfor the userto
rewrite theequationsby hand.
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Step 3. By shifting to coordinatesthat arerelative to theconsistentinitial
condition[ � U , thesolutionspaceis restrictedto thesetF ��� T � � � � ]7= � Ty%��C�� of origin-preservingDA vectors. In step6, this allows the definition of a
DA-contractingoperator, andtheapplicationof theDA FixedPointTheorem.
Again, this coordinateshift canbe performedautomaticallywithin thesemi-
algebraicDA framework of COSYInfinity.

Step4. Like in theprevioustwo steps,thesemi-symbolicnatureof theDA
framework allows the linear part �!� to be extractedaccuratelyandautomati-
cally. Andwhile theone-dimensionalexampleresultedin �!� beingrepresented
by a singlenumber, the methodwill alsowork in several variableswith ma-
trix expressionsfor ��� . We notethat within a framework of retentionof the
dependenceof final conditionson initial conditions,as in the Taylor model
basedintegrators(Berz andMakino, 1998), the linearizationsarecomputed
automaticallyandarereadilyavailable.

Step 5. With a consistentinitial condition,an implicit ODE systemis de-
scribedbyanonlinear equationinvolvingthedependentvariable [ , itsderivative[ � andtheindependentvariable� . If weview [ and [ � asmutuallyindependent
andassumeregularity of the linear part in [ � , the Implicit FunctionTheorem
guaranteessolvability for [ � asafunctionof [ and � . Sincetheusualstatements
aboutexistenceanduniquenessfor ODEsapplyto theresultingexplicit system,
regularityof thelinearpartguaranteestheexistenceof auniquesolutionfor the
implicit system.

Step 6. With an origin-preservingpolynomial
p � anda purely nonlinear

polynomial
p © , theoperatorE canbewrittenasE � �7% � p � � p © � �%-�g< W �� � �7%Q�"� � P

Therefore,E is a well definedoperatorandself-mapon F �	� �t]_= � �7%
�C�� � � � � , andbecauseof its specialform, E is DA-contracting. Hencethe
DA Fixed Point Theoremguaranteesthat the iteration converges in at most��A C steps(sincethe iterationstartswith thecorrectconstantpart � � U:� �Z	 ,
theprocessevenconvergesin � steps).

The iteration finds a floating point polynomial which is a fixed point of
the (floatingpoint) operatorE . While this polynomialmight differ from the
mathematicallyexact � -thorderexpansionof thesolution,it is sufficienttofind
a fixedpoint of E only to machineprecision,sincedeviationsfrom theexact
resultwill beaccountedfor in theremainderbound.

Step7. It hasbeenshown (Makino,1998)thatfor explicit ODEsandthePi-
cardoperator� , inclusionis guaranteedif thesolutionTaylormodel. satisfies
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� � .z%��ý. . Although E differs from � , similar argumentscanbe madefor
it andfurtherdetailson this will bepublishedin thenearfuture. Additionally,
it shouldbenotedthat this steprequiresa verifiedversionof E , usingTaylor
modelarithmeticandinterval enclosuresof [ � U and ��� .

While all previousstepsareguaranteedto work whenever at leastonecon-
sistent [ � U canbe found for which the linear part is regular, this stageof the
algorithmcanfail if no suitableTaylor modelcanbe constructed.However,
decreasingthesizeof thetimedomainwill generallyleadto aneventualinclu-
sion. Furtherdetailson theconstructionof theso-calledSchaudercandidate
setsaregivenin (Makino,1998).

Step 8. This final stepcomputesan enclosureof the solutionto theorigi-
nal problemfrom thecomputedTaylor modelcontainingthederivative of the
actualsolution,andit relieson the antiderivation beinginclusion-preserving.
However, in order to maintainverification, the interval enclosure�

� � of the
consistentinitial conditionhasto beaddedto theTaylormodelfrom step7.

Integration of DAEs. Structuralanalysisof DifferentialAlgebraicEqua-
tions(Pryce,2000)allows theautomatedtransformationof DAEs to solvable
implicit ODEs. In conjunctionwith thepresentedalgorithm,it cantherefore
be usedto computeverified solutionsof DAEs. However, the regularity of��� alreadyoffersasufficient criterionfor thesolvability of thederivedODEs:
while thelinearmap��� will generallybesingular, by repeatedlydifferentiating
theindividualequationsof theDAE, weeventuallyobtainaregularlinearmap��� . Additionally, theminimumnumberof differentiationsneededdetermines
theindex of theDAE.
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