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Relations are derived between elements of transfer matrices. These relations result from the fact that the motion of charged
particles from one profile plane to another can be described as a canonical transformation. The derived four first order relations are
already known. Similarly, the higher order relations are very useful to check results of numerical ion optical calculations.

1. Introduction

The motion of charged particles in space and time can be described relative to a reference particle in
canonically conjugate variables (ry, ry, 1y, 74, F5, ry) describing a point in a six-dimensional space as
function of an independent variable like, for instance, the time ¢. Assuming a curvilinear coordinate system,
such sets of canonically conjugate variables are

{rk} = (rl’ Fys I35 T 1s,s r6)= (X, ) ) Az7 Pxs Py Apz), (la)
{rk} = (rl’ Iy, I3, Iy 1s, r6)= (X, Vs _AS’ Pys py’ Ap), (lb)
{(n)=(r,r,r )= (x, y, —At, p., p,. AE)’ (1c)

with k=1, 2, 3, 4, 5, 6. Here s describes the path coordinate, ¢ the time and E the total particle energy
while x, y, z describe the position and p,, p,, p, the corresponding components of the particle momentum
p. For eq. (1a) the independent variable advantageously is the time 7 or the path coordinate s, for eq. (1b)
it is the time # or the coordinate z along the optic axis and for eq. (1c) it is the path coordinate s or the z
coordinate along the optic axis.

Knowing the position r,, at a time ¢, or position z, or s,, respectively, the objective of ion optical
calculations [1-3] is to calculate a set of coordinates {r,;} describing the position of a particle in phase
space at a time ¢, or position z; or s, respectively. The relation between these two sets of canonically
conjugate variables can be expanded in a Taylor’s series and written as

k=1

n= gl’}o{("flr/)"'% Z "ko{(rll’}’k)+%[§1’/0{(’,|’}’k’/)+ }}}, ()

with 7, r,, r,, r,--- as defined in eqgs. (1). The coefficients

» fy

ar,
r\r,)=\|\~—
( llj) (3)}0)rlo=0

determine the first order properties of the optical system connecting ,; and r,, while the coefficients

2
9°r,

3
(r'lr’rk)=(ar ar ) - (lnnn) =\ 5 erﬂar ’
Jo7T kO ro=rio=0 7077 K0ETI0 ro=rko=rp=0
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etc. describe the higher order aberrations. Note that (7, |7, r,) is identical to (7, |r,r,) so that for j # k the
term (7, | r,r,) describes half of the total aberration coefficient proportional to r,ry.

2. The condition of symplecticity

Knowing eq. (2) one can compute the 6 *6 Jacobi matrix A with 36 elements:

ar,
w,=|—]. 3
’ ( 90 ) ®
Here i denotes the row number and j the column number of a specific matrix element where i/ and j both
take values from 1 to 6. Note here that differently than for eq. (2) the partial derivatives of eq. (3) are taken
not only at r,=0.

For the case that both 7, and r, represent a set of canonically conjugate variables, it has been shown, for
instance in ref. [4], that the above Jacobi matrix A fulfills the so-called symplectic condition

AVA =J, (4)
where AT is the transpose of A and where
0 0 01 0 O
0 0 0 0 1 0O
y—| 0 o 00 01
-1 0 0O 0 0 O
0 -1 0O 0 0 O
0 0O -1 0 0 O

Denoting the elements of the matrix (ATJA) by v, , this condition can also be written as

lj’
v,=0, exceptfor v ,=vy=0;=1, (5a)

with i <j because of

v,=~U,. (5b)
Carrying out the matrix multiplication (A'JA) as required by eq. (4) one finds
Ulj = w11w4j - w4lwlj + WZJWSJ - w51w2] + w31w61 - w6lw3j’ (6)

which also shows that v,, equals —v,,. Thus we can restrict ourselves to the case i <j and require only eq.
(5a) to be fulfilled.
In order to simplify further calculations, we can rewrite eq. (6) as:

U—Z(MIF+3J u+31y.j) (7)

The w,, of egs. (3), (6) now can be obtained by differentiating in eq. (2) the Taylor’s series of partial
derivatives with respect to r,o:

6 6
W, = (r‘lrl)+k§1r"0{(r’I'}rk)+%[§:1r/0{(rl|’}rkrl)+ s }} (8)

Introducing these w,, into eq. (7) one finds after a straightforward substitution

k=1 m=1

u,;é)l{ .t irkO{F2F+ Zr,O{F3“+ 2 Fumol Fa,t }}}} (9)
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where the F; , are given as:

1 —_
+(§~1)Dn(’}"k§ nr, "'rj)"’ et é:i)D.u(rlrkrlrm M ’}) )
D,(M,; M,) = (r,| M, )(r,s31M,) = (3| M, ) (1| M,), (10)

withl<i<j<6and k, [, m, n, --- €{1,...,6} and M,, and M, being monomials of the phase space
coordinates ry, 1y, 73, Iy, Fs, Ig:

6
M, = ;IT r = R T,
=1

6
M,= }1 1=
=1

where n, as well as m, are nonnegative integers 0, 1, 2, 3, 4, ... Note here that
A=n+n,+n;+n,+ns+ng<y,
m=my+my+my+my+ms+mg<g,

and that very generally
D,(M,; M,)=—-D,(M,; M,).

Because of v,,= —v, and 1 <i <j <6, eq. (5a) represents 15 relations. Comparing the coefficients for all
powers of r.g, ¥0, Tmos --. ON both sides of eq. (9) one finds:
3 3
Y F,=Y D(r;r)=6,, (11a)
p=1 p=1
3 3
Y B,=Y DJr;nr)+D(nr; 1) =0, (11b)
p=1 p=1
3 3
Y Fy,= Y D,(r; nenr)) +2D,(rrs 1) + D (rreris 1) =0 (11c)
p=1 p=1
3
2 F,=-=0, (11d)
p=1

etc. with §, =1 for (i, j)=(1,4), (2,5), (3,6) and §, , = 0 for all other cases. Thus

a) eq. (11a) represents 15 relations between the 1st order coefficients of eq. (2),

b) eq. (11b) represents 6 * 15 relations between the 1st and 2nd order coefficients,

¢) eq. (11c) represents 21+ 15 relations between the 1st, 2nd and 3rd order coefficients,

d) eq. (11d) represents 56 * 15 relations between the 1st, 2nd, 3rd and 4th order coefficients, etc.

3. General consequences of the choice of the set of coordinates of eq. (1c)
For ion optical problems we like to choose the set of canonically conjugate variables of eq. (1c) with the
independent variable being z, i.e., the coordinate along the optic axis, so that
n=x, T4 = Px> (123)

=Yy, Is=D, (12b)
rn=4t, r,=AE. (12¢)
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Here, as in any set of coordinates, some coefficients of eq. (2) always vanish so that finally the exuberantly
large number of relations due to eqgs. (11) is reduced considerably.

3.1. Time invariant fields

Since x;, y;, Py, Py, 4E; all do not depend on time explicitly, all partial derivatives of these
coordinates vanish. This causes all coefficients of eq. (2) to vanish which contain a r"* with n; # 0 in the
right hand side of the bracket, i.e.:

(r|--r---)=0, (13a)
or (r,|M,[n;#0])=0 except (r;]r;)=1.

3.2. Energy constancy

For most optical systems the particle energy stays unchanged or varies by the same factor for all
particles of a beam. This causes all coefficients of eq. (2) to vanish which contain a “AE =r,” in the left
side of the bracket, i.e.:

(rgl---)=0, (13b)

or (rg| M,) =0 except (rg| ) =7, with =1 in the event that no accelerations had occurred at all.
3.3. Midplane symmetry

For most ion optical systems one postulates a plane of symmetry which in case of a sector magnet would
be the midplane (y = 0) in the magnet air gap. In this case all electromagnetic forces must be symmetric
with respect to the plane y = 0. Thus one finds for m, + m, = odd

(,-]| ...,-2’"2,-5'"5...)2(,.3| ---r2m2r5m5---)=(r4| ...rzmzrs'"s...):(r6| ...,-2’"2,-5'"5...)=0’(13c)
and for m, + m, = even

(ry| == rrors o Y= (rg| =+ s < ) =0, (13d)
The egs. (13) can also be written as

(ry 1 M299) = (ry | M) = (ra | M) = (7] M%) = 0,
and

(r M) = (rs |M;"") = 0.

Here M®% stands for a M, with n, + ns = odd and M®*" stands for a M, with n, + ns = even.

4. Consequences of egs. (13) for the D, of egs. (10)

To get a better overview over the different cases let us discuss the total disappearance of D;, D, and D,
separately, i.e. the cases in which both terms of each D, vanish simultaneously.

4.1. The total disappearance of D,

From egs. (13c¢), (13a) one finds D,(M,,; M,)= 0 for
M, =M o M =M, (14a)
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or
my#0 or ny#0. (14b)

Note here that the cases of egs. (14) are the only ones in which D, vanishes for arbitrary optical systems.
4.2. The total disappearance of D,
From egs. (13a), (13¢), (13d) one finds D,(M,,; M,)=0 for
M, = M" or M, = M>", (15a)
or
m,#0 or ny;#0. (15b)

Note here also that the cases of egs. (15) are the only ones in which D, vanishes for arbitrary optical
systems.

4.3. The total disappearance of D,

From eq. (13b) one finds D,(M,,; M,)=0, except for

M, =r or M, =r, (16)
which is the same (see the definition of M, and M, under eq. (10)) as stating
m=my=my=m,=ms=10 and mg=1,
or
n=n,=ny=n,=ns;=0 and ng=1.

In case one of the conditions of eq. (16) is fulfilled one finds for all nonvanishing D;:
Dy(M,; r,)=(r3|M,,), (17a)
Dy(rg; M,)= —(r;|M,). (17b)
According to eq. (13c), however, even the D, of eqgs. (17) vanish if
M, =M or M,=MM". (18)

The restrictions imposed on the D;, D, and D, by eqgs. (14)—(18) shall now be used to simplify the relations
of egs. (11).
5. Relations between the first order coefficients of eq. (2)

For { =1 in eq. (9) we find n=m =1, i.e. five m, and n, vanish while one m, and one n, equal 1. In
this case eq. (9) transforms to eq. (11a).

5.1. The case j& {1,4}

The condition i <j here implies j =4 and hence i € {1,2,3}. Thus the eqgs. (15), (16) yield D, =D; =0
and we find with eqs. (14) only one nontrivial relation:

Dy(r; n)=28,4=1 (19a)
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5.2. Thecase j€ {2,5)

The condition i <j here implies j=2, i=1 or j=35, i€ {1,2,3,4}. Thus the egs. (14), (16) yield
D, = D=0 and we find with egs. (15) only one nontrivial relation:

D,(ry; r5)=8,5=1. (19b)

5.3. The case j=3
From egs. (14)-(16) we infer that D, = D, = D, = 0 for arbitrary i <j resulting in only trivial relations.
5.4. The case j=6

Since in this case r, is even, the egs. (15) yield D, = 0. Furthermore, eq. (17a) implies D;(r,; 7o) = (r3|7,).
For i = 3 we thus find the identity (r; }r;) =1 and for i + 3 with eqgs. (14):
Dy(r; rg) +(rs|r,) =0, (19¢)

which yields two relations with i € {1,4}.
5.5. The resulting relations between coefficients of first order

Using the expressions of egs. (12) as abbreviations, the egs. (19a), (19b) read explicitly

(x1x)(pdp)—(pAx)(x|p)=1, (20a)
Iy)Npip)-(yip)ylp)=1, (20b)

which are the well known results of Liouville’s theorem, stating that the determinants of the first order
transfer matrices for the x- and y-directions both equal one [5]. The eq. (19¢) reads explicitly

(x1x)(p|AE) = (p | x)(x|AE) = (At]x), (20c)
(x1 P (| AE) = (P PN x|AE) = (At p,), (20d)
relations which are well known from ref. [6]. The egs. (20c), (20d) determine longitudinal deviations
(At|-- ) as functions of lateral deviations. Note here that there are three longitudinal first order terms

[(At]x), (At] p,), (At|AE)), only one of which must be determined truly independently.

6. Relations between first and second order coefficients of eq. (2)

For ¢{ =2 in eq. (9) we find either 7 =1, m =2 or n =2, m= 1. In this case eq. (9) transforms to eq.
(11b).

6.1. The case j€ {1,4}

The condition i < j implies j =4 and i € {1,2,3}. Thus the eqs. (16) yield D, =0. For i=3 or k=3 we
find only trivial relations. For i # 3 and k # 3, however, we find from egs. (14), (15) in the case of
r,= even, i.e. for i=1 and

r, = even: D,(ry; rory) + Di(nr; 1) =0, (21a)
which yields three relations with k € {1,4,6} while we find for

r, =odd: only trivial relations.
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In the case of r, = odd, i.e. for i = 2 we find for

r, = even: only trivial relations,

21b
r, = odd: D,(ryry; 1) + Dy(ry; riry) =0, (210)

which yields two relations with k € {2,5}.
6.2. The case jE€ {2,5}

The condition i <j implies j=2, i=1or j=5, i € {1,2,3,4}. Thus the eqgs. (16) yield D, =0. Fori=3
or k = 3 we find only trivial relations. For i # 3 and k # 3, however, we find from egs. (14), (15) in the case
of r,=even, ie. i € {1,4} and

r, = even: only trivial relations,
r, =odd: D,(r; rkrj)+D2(r,rk; r)=0, (21¢)
which yields six relations with k& € {2,5}. In the case of 7, = odd, i.e. for i = 2, we find furthermore for

r, = even: D,(ry; r,rs) + Dy(ryry; 15) =0, (21d)
which yields three relations with k € {1,4,6} while we find for

r, =odd: only trivial relations.

6.3. The case j=5

From egs. (14)-(16) we infer also here that D, = D, = D; = 0 for arbitrary / <j resulting in only trivial
relations.

6.4. The case j =6

Eq. (17a) here implies Dy(r,r,; r,) = (r;|r,r,) and Dy(r,; r,r,)=0. For 1 =3 or k = 3 we find only trivial
relations. For i # 3 and k # 3, however, we find from egs. (14), (15), (17) in the case of r, = even, i.e. for
i€ {1,4) and

r, = even: Di(r; rirg) +Dy(rry; )= —(ry|r,ry), (21¢)
which yields six relations with k£ € {1,4,6} while we find for

r, =odd: only trivial relations.
In the case of r, = odd, i.e. for i € {2,5} we find furthermore for

r,=even: only trivial relations

r, = odd: Dz(",; "k"(,) +D1(r,rk; r6)= —(r3|r,rk), (21f)

which yields four relations with k € {2,5}.
6.5 The resulting equations

Using again the abbreviations of eqs. (12) the independent relations of Eqgs. (21a)-(21d) read explicitly

(x[x)(plxp) — (Pl x) (x| xp) + (x| xx)(pe| p.) — (| xx)(x]| p,) =0, (22a)
(x1x)( ol pop) = (el x) (x| pop) +(x|xp)(pe| p.) — (P xp ) (x| ) =0, (22b)
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(x1x)(p |AEp,) = (p | x)(x|AEp,) + (x| xAE)(p.| p.) — (p. | xAE) (x| p,) =0,
(el p )l ) = (pcd )X 1) + (21 2oy) (o1 y) = (P L2y ) (21 ¥) =0,
(x12)( Pl py) = (o 2 (X1 2, 2) + (21 22 )y 1Y) = (P, 1 PP, ) (¥ 1 ¥) =0,

S (x 1) (2 w) = (el ) (x1wy) + (v x9) (o1 y) = (b, 1xy)(y]y) =0,
(x1x)( el ) = (P x)(x1 p,y) + (¥1xp, ) (21 ¥) = (p, 1 2P, ) (31 ¥) =0,
(x1x)( Pl yp,) = (Pl x)(x1yp,) + (v 1x0) (P, £,) = (£ 129 ) (¥ p,) =0,
(x1x)(pel £ypy) = (ol X)(x1 £y2,) + (¥ 120, ) (2,1 2,) = (2,122, ) (2] ) =0,
(xtp)(pelyp,) =l ) (x1p,) + (v 22X ) = (21 Py ) (21 ) =0,
(x12)( Pl p,p) = (Pl )X 1 B2, ) + (21 2 )Py 2) = (2,1 2ep, ) (21 B,) =0,
1y)p1xp,) = (2, 19)(y1xp,) + (¥ 1 yx)(p, 1 p,) = (21 yx)(¥1p,) =0,
in)(p ) pp)- (21 )y pep,) + (2 1yp) (1 2) = (2, L2 ) (1 2,) =0,
(»17)(p,|AEp,) = (p, | ¥)(¥1AEp,) +(»1YAE) p,1p,) — (£, | YAE)(y1p,) =0,

(22¢)
(22d)
(22e)
(22f)
(22¢g)
(22h)
(22i)
(22))
(22K)
(221)

(22m)

(22n)

where egs. (221), (22m) carry no new information and are mere combinations of eqs. (22g), (22h) and egs.

(22e), (22j), respectively. Explicitly the relations of egs. (21¢)-(21f) read
(x1x)(pAxAE) = (p [ x)(x|xAE) + (x| xx)( p |AE) = (p, | xx)(x|AE)

= (At|xx),

(x|1x)(pe PAE) = (pc] x)(x| P, AE) + (x| xp )( P |AE) = (pe| xp )(x | AE)
= (4t|xp,),

(x|x)(p|AEAE) = (p.|x)(x|AEAE) +(x|xAE)( p|AE) - (p. | xAE)(x|AE)
= (At|xAE),

(x1 P )P | XBE) = (.| p)(x|XAE) + (x| px)(pc|AE) = (po| pox)(x|AE)
= (4t] p,x),

(x12)(p| PAE) = (| P x| PAE) + (x| e p ) P |AE) = ( pc| PP (X |AE)
= (4] pipo)s

(x| p ) pJAEAE) = (p,| p)(x|AEAE) +(x| pAE)(p|AE) —(pi| p.AE)(X|AE)
= (4t| p,AE),

(P 1y)( P 1 YAE) = (p, 1 y) (¥ 1 YAE) + (x| yy)(p | AE) = (p, | yy) (x| AE)
= (4t|yy),

(1) Pt P AEY—(p, |y ) (¥ P,AE) + (x| yp, /(P |AE) = (el yp, ) (x| AE)
= (411yp,),

(y12,)(p, | YAE) = (p, |1 ) (¥ | YAE) + (x| p,y ) (P |AE) = (pi| p,y)(x|AE)
=(41]p,»),

(»12,)(p, | LAE) —(p, 1 p,)(»| P,AE) + (x| p,p,)( P |AE) = (p.| PP, )(x|AE)

=(4tlp,p,),

(23a)

(23b)

(23¢)

(23d)

(23e)

(23f)

(23g)

(23h)

(23i)

(23j)
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where the eqgs. (23d), (23i) carry no new information and are mere combinations of egs. (23b), (22¢) and
egs. (23h), (22n), respectively.

Knowing all first order matrix elements the egs. (22), (23) describe the following relations between the
matrix elements of second order:

a) the eqs. (22a)-(22b) represent 2 independent relations between the 6 geometric matrix elements

(x]xx), (x]xp.), (x| P, p.), (Pl xx), (Pl x0), (Pel Do D)

leaving 4 matrix elements to be determined independently;
b) eq. (22¢) represents 1 independent relation between the 6 chromatic x-matrix elements

(x|xAE), (x| p,AE), (x|AEAE), (p | xAE), (p,| pAE), (p.|AEAE)

leaving 5 matrix elements to be determined independently;
¢) eq. (22n) represents 1 independent relation between the 4 chromatic y-matrix elements

(y1E),(y|p,AE),(p,|YAE), (p,| p,AE)

leaving 3 matrix elements to be determined independently;
d) egs. (22d)-(22m) represent 8 independent relations which describe all 8 geometric y-matrix elements
(note here that eq. (20b) holds)

(y1yx), (y1yp)s (¥1p,x), (¥12yp.), (o1 yx), (po1yes)s (ol 2oX)s (1 £oPL)

as functions of the 6 geometric x-matrix elements

(x1y). (x1yp.), (x p,p,), (Rl ), (oclypy)s (Pel PoD,)

so that none of these y-matrix elements must be determined independently.
e) eqgs. (23a)—(23j) represent 7 independent relations which describe all 8 longitudinal matrix elements

(At|xx), (At|xp,), (At]| p.p.), (At|xAE), (At| pAE), (At|ypy), (At]yp,), (At] p,p,)

as functions of the x-matrix elements leaving (At|AEAE) as the only longitudinal matrix element to be
determined independently.

7. Relations between first, second and third order coefficients of eq. (2)

For {=3 in eq. (9) we find either n=1, m=3 or Ai=m=2 or n=3, m=1. In this case eq. (9)
transforms to eq. (11c).

7.1. The case j € {1,4)
The condition i <) again implies j =4 and i &€ {1,2,3}. Thus the eqs. (16) yield D;=0. For i=3 or

k =3 or [ =3 we find only trivial relations. For i # 3, k # 3 and /# 3, however, we find from egs. (14), (15)
in the case of r, = even, i.e,, for i =1 and

r, = even, r, = even:

Dy(rys rerir) + 2Dy (ryr; rry) + Dy (rrry; 1) =0, (24a)
which yields 9 relations with k € {1,4,6} and /€ {1,4,6} while we find for:

r, = even, r,= odd: only trivial relations,

r,=odd, r;=even: only trivial relations,

r, = odd, r,=odd:

Dy(ry; ryryrs) + 2D, (nry; riry) + Di(ryrerys 1) =0, (24b)

which yields 4 relations with k € {2,5} and /€ {2,5}.
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In the case of 7, = odd, i.e. for i = 2 we find for

r, = even, r,=even: only trivial relations,
r, = even, r,=odd:
Dy(ry; neriry) + 2Dy (ryry; riry) + Dy(ryrerys 1) =0, (24c)

which yields 6 relations with k € {1,4,6} and /< {2,5} while we find for

r, = even, r,=even: only trivial relations,
r,=odd, r,=even:
Dy(ry; rerr) +2D,(ryrs ryry) + Dy(ryris; 1) =0, (24d)

which yields 6 relations with k € {2,5} and / € {1,4,6}.
r, = odd, r, = odd: only trivial relations.
7.2. The case j€{2,5}

For i=3, k=3 or /=3 we again find only trivial relations. For i # 3, k # 3 and /+# 3, however, we
obtain from eqs. (14), (15) in the case of r, = even, i.e. for i € {1,4} and

r, = even, r,=-even: only trivial relations,
r, = even, r,=odd:
D\(r; ’k’['}) +2D,(rr; ’/'}) +Dy(rr,1;; ’,) =0, (24¢)

which yields 18 relations with £ € {1,4,6} and /€ {2,5} while we find for

r,=odd, r,=even:

D, (ry; rerr ) +2D,(rr; rr) + Dy(rryry; 1) =0, (24f)
which yields 18 relations with k € {2,5} and /€ {1,4,6} and for

r,=odd, r,=odd: only trivial relations.

In the case of r,=odd, i.e. i=2 and j=>5 we furthermore find for

r, = even, r,= even:

D,(ry; ryryrs) + 2D, (ryry; ryrs) + Dy (ryrery; 15) =0, (24g)
which yields 9 relations with k € {1,4,6} and /€ {1,4,6} while we find for

r, = even, r,=odd: only trivial relations,

r, = odd, r, = even: only trivial relations,

r, = odd, r,=odd:

Dz("z; ’k’/rs) + 2D1("2"k§ "/"5) + Dz(’z’k"/? "5) =0, (24h)

which yields 4 relations with k € {2,5} and /€ {2,5}.
7.3. The case j=3

From egs. (14)—(16) we infer also here that D, = D, = D, = 0 for arbitrary i <j resulting in only trivial
relations.
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7.4. The case j =6

Eq. (17a) here implies Dy(r,r,r); o) = (ry|r,rr;) and Dy(r; rerrg) = Dy(rry; rrg)=0.For i=3or k=3
or [ = 3 there are only trivial relations. For i # 3 and k # 3 and / # 3 on the other hand we find in the case
of r,=even, i.e. for i € {1,4} and

r, = even, r,= even:
D(r;; ronrg) +2Dy(r,r; rrg) + Dy(rrrys r) = —(r | rrern), (24i)

which yields 18 relations with k € {1,4,6} and /€ {1,4,6} while we find for

r, = even, r,=odd: only trivial relations,

r, = odd, r, = even: only trivial relations,

r, = odd, r,=odd:

Dy (r; rerre) + 2D, (rrys rrg) + Di(ryrerys 1) = = (rs | rren), (24)

which yields 8 relations with k € {2,5} and /€ {2,5}.
In the case of r,=o0dd, i.e. i € {2,5} we furthermore find for

r, = even, r,=even: only trivial relations,
r, = even, r,=odd:
D, (r;s renre) +2D,(rrs 1) +D\(rrerp; 1) = —(r|rren), (24k)

which yields 12 relations with k € {1,4,6} and /€ {2,5} while we find for

r,=odd, r,= even:

D,(r,; rorrg) +2D,(rrys ryrg) + Dy(rrery; 1) = — (| rrer), (241)
which yields 12 relations again with k € {2,5} and /€ {1,4,6}.

r,=odd, r,= odd: only trivial relations.

Analogously to sects 5.5 and 6.5 the egs. (24) could now also be written explicitly. Knowing all coefficients
of first and second order the eqs. (24) represent
a) 4 relations between the 8 geometric matrix elements

(rl |xxx)’ (rl |xxpx)’ (rl |xpxpx)’ (rz I pxpxpx)’

with . € {x,p, };
b) 7 relations between the 12 chromatic matrix elements

(r,|xxAE), (r,|xpAE), (r,| p.pAE), (r,|xAEAE), (r,| pAEAE), (r,| AEAEAE),

with r,.€ {x,p . };
¢) 3 relations between the 6 chromatic matrix elements

(rIIyXAE)’ (rllyprE)’ ()‘,lyAEAE), (rl | pyXAE)’ (rl | pyprE)’ (rl | pyAEAE)’

with r, € {y,py};
d) 24 relations between the 24 geometric matrix elements

(r,1yxx), (r, yxp, ), (r.lyp. ), (rlyyy), (nlyyp,), (r 1 yp,P,),
(r.1pyxx). (r.| pyxp.). (1 p,pc2c)s (n 1 Pyyy), (rhpyyp,). (1] PoPLP,)s
with r, € {y,py};
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e) 50 relations between the 32 longitudinal matrix elements (A¢| - - - ) leaving only (A7 | AEAEAE) to be
determined independently.
8. The transformation of coordinates

Even though the sets of canonically conjugate variables of eq. (1) are used advantageously to describe
the motion of charged particles, they have not been used traditionally but rather the set

ql =X, (74=X,, (253)
4=y, g4s=y’, (25b)
G,=4t, §,=AK/K,=k, (25¢)

with At =r~1t, and AK= K — K. Here K|, is the energy of the reference particle, ¢, is the time it takes
this reference particle to traverse the optical system and x"=dx/d:, y’ = dy/d: are the slopes in the x-
and y-directions, respectively.

In some cases also a slightly different set 7] is used

4 =x, qa=a=(p/p)x' /N1 +x2+y"?, (26a)
@=y,  as=b=(p/p)y /1 +x2+y?, (26b)
¢;=A4t, g,=AE/E=3§,, (26c)

with egs. (1¢) and (26) we obtain the transformation from this set of coordinates to the canonical
coordinates r,:

rn=A7(q,...,9) = ¢ (27a)
r,=A%(q,-.-,96) = 92, (27b)
ry=AY(q,...,q6) = g3, (27¢)
r3=A43(q1,-.-,96) = 44Po> (27d)
rs=A¥(qy,...,96) = 45 Po, (27e)
re=A7(qy,- .., 9) = 96 Eo- (271)

Here p, stands for the momentum of the reference particle and E; for its energy. Similarly one obtains the
inverse transformation ¢, = 4", Assume now that the transformation between profile planes at z, and z, is
given both in symplectic coordinates and those of egs. (26):

k, =Tk, (28a)

kg =Tk g0, (28b)
Then we can infer from eqgs. (28)

T,=A%-T,- A", (29a)

T,=A"-T, A", (29b)

The eqs. (29) allow to express the partial derivatives of 7, in terms of partials of A7, T, and 4.



H. Wollnik, M. Berz / Relations between elements of transfer matrices 139

The nonvanishing partials of 49" and A’? are easily found from egs. (26) as

I _9n_ 0 30 _ 3, %4, 4 (30a)
dq, 9dq, 04, or, dr, On

ar4 ars aq4 aqS 1

O _9rs _ s %45 _ 30b
dq, 99;s Po ary, 05 po ( )
or, 0gs 1

Erad o, "By e

Consider now the partial derivatives

ar,
(a_rk)rw;o— (rllrk)’

used in eq. (2). Applying the chain rule twice we obtain

or, 6

1 arrl ) ( aqnl )
rlr)=\=— =
( ! k) ( ark )’m:o le ( aq"l 2a=0 arko ri0-0

6 6
3r1) (aql) (a‘ho)
- : . . (31)
xgl )\gl ( aq"l 4a=0 3(1}\0 gro=0 arko r0=0

The fact that for k # i and A # k the partial derivatives of 47" and 4”7 vanish (see eqs. (28), (30)) simplifies
eq. 31 to

R S W BCILE o =

In a very similar way one obtains the transformation rule for partial derivatives of second and third order:

= (=] (52 wiaa(5) (5 (320)
(rmenr,) = ( ark()?):;larmo ) N

gl IRCETER o A L B e B 29

as well as analogous expressions for higher order terms.

With egs. (32) the relations due to symplecticity can be derived also in the noncanonical coordinates of
eq. (26). For this purpose, one only must express all matrix elements (7, |r), (r,|r.r,), (r,|1r,nr,,), --- in
egs. (20), (22) etc. in terms of the matrix elements in the noncanonical coordinates (q,]4q,), (¢,19.9,), - -
using eqs. (32).

The same pattern as used for the coordinates defined in eqs. (26) can be used for any other set of
coordinates, especially those of egs. (25). However, since in most cases the transformations 49" and A" are
nonlinear, higher order partial derivatives remain in eqgs. (30). This usually leads to more complex relations
than those in egs. (32).

For discussions we thank A.J. Dragt, E. Forest and C. Iselin. For financial support we are grateful to the
Bundesminister fuer Forschung und Technologie.
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