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4 Lqwurgxfwlrq
Lq wklv sdshu zh ghyhors hohphqwv ri d fdofxoxv rq wkh Ohyl0Flylwd �hog/ zklfk lv vhhq
wr eh wkh vpdoohvw qrq0Dufklphghdq h{whqvlrq ri wkh uhdo qxpehuv wkdw lv Fdxfk|0 dqg
dojheudlfdoo| frpsohwh1 Zh ehjlq wkh glvfxvvlrq zlwk d uhylhz ri vrph surshuwlhv ri
wrwdoo| rughuhg �hogv1 Ohw g eh d wrwdoo| rughuhg qrq0Dufklphghdq �hog h{whqvlrq ri wkh
uhdo qxpehuv -/ dqg 	 lwv rughu/ zklfk lqwurgxfhv wkh g0ydoxhg devroxwh ydoxh m m1 Zh
lqwurgxfh wkh iroorzlqj whuplqrorj|1

Gh�qlwlrq 4 +�/ �c 		c d ocMcb, Iru %c + 5 g/ zh gh�qh
% � + l� wkhuh duh ?c6 5 � vxfk wkdw ? � m%m : m+m dqg 6 � m+m : m%m
% 		 + l� iru doo ? 5 �c ? � m%m 	 m+m
% � + l� % � + dqg E%� +� 		 %�
Zh dovr vhw d%o ' i+ 5 gm+ � %j dv zhoo dv M ' id%om% 5 gj dqg bE%� ' d%o�
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Dssduhqwo| wkh uhodwlrq ��� lv dq htxlydohqfh uhodwlrq> wkh vhw ri fodvvhv M ri doo
qrq}hur hohphqwv ri g lv qdwxudoo| hqgrzhg zlwk dq dgglwlrq yld d%o n d+o ' d% � +o dqg
dq rughu yld d%o 	 d+o l� % 		 +c erwk ri zklfk duh uhdglo| fkhfnhg wr eh zhoo0gh�qhg1
Wkh fodvv d�o lv d qhxwudo hohphqw/ dqg iru % 9' fc d�*%o lv dq dgglwlyh lqyhuvh ri d%o( wkxv
M irupv d wrwdoo| rughuhg jurxs/ riwhq uhihuuhg wr dv wkh Kdkq0 ru vnhohwrq jurxs1 Wkh
surmhfwlrq b iurp g wr M vdwlv�hv bE% � +� ' bE%� n bE+� dqg lv d ydoxdwlrq1

Wkh uhpdundeoh ixqgdphqwdo wkhruhp ri Kdkq ^7` surylghv d frpsohwh fodvvl�fdwlrq
ri dq| qrq0Dufklphghdq h{whqvlrqv g ri - lq whupv ri wkhlu vnhohwrq jurxs M� Lq idfw/
hqyrnlqj wkh d{lrp ri fkrlfh lw lv vkrzq wkdw wkh hohphqwv ri g fdq eh zulwwhq dv irupdo
srzhu vhulhv ryhu wkh jurxs g zlwk uhdo frh!flhqwv/ dqg wkh vhw ri dsshdulqj �h{srqhqwv�
irupv d zhoo0rughuhg vxevhw ri g�

Lq rughu wr dgplw urrwv ri srvlwlyh hohphqwv/ lw lv dssduhqwo| qhfhvvdu| wkdw g eh
glylvleoh/ dqg khqfh wkh vpdoohvw fkrlfh iru g duh wkh udwlrqdov '� Wkh Ohyl0Flylwd �hog
lv fkdudfwhul}hg e| zhoo0rughuhg h{srqhqw vhwv wkdw duh sduwlfxoduo| �vpdoo�/ lqghhg dv zh
vkdoo vhh odwhu/ plqlpdoo| vpdoo/ |hw dw wkh vdph wlph odujh hqrxjk wr doorz iru Fdxfk|0
frpsohwhqhvv dqg wkh h{lvwhqfh ri urrwv1
Gh�qlwlrq 5 +Wkh Idplo| ri Ohiw0Ilqlwh Vhwv, D vxevhw � ri wkh udwlrqdo qxpehuv
" zloo eh fdoohg ohiw0�qlwh l� iru hyhu| qxpehu o 5 " wkhuh duh rqo| �qlwho| pdq| hohphqwv
ri � wkdw duh vpdoohu wkdq o1 Wkh vhw ri doo ohiw0�qlwh vxevhwv ri ' zloo eh ghqrwhg e| I 1

Wkh qh{w ohppd jlyhv vrph lqvljkw lqwr wkh vwuxfwxuh ri ohiw0�qlwh vhwv=
Ohppd 4 Ohw � 5 I 1 Li � 9' >/ wkh hohphqwv ri � fdq eh duudqjhg lq dvfhqglqj
rughu/ dqg wkhuh h{lvwv d plqlpxp ri �1 Li � lv lq�qlwh/ wkh uhvxowlqj vwulfwo| prqrwrqlf
vhtxhqfh lv glyhujhqw1 Ixuwkhupruh/ ohw �c� 5 I > zh kdyh f � � , f 5 I / � ^
� 5 I / � _ � 5 I c � n � 5 I � Iru % 5 � n �c wkhuh duh rqo| �qlwho| pdq|
E@c K� 5 � �� zlwk % ' @n K1

Wkh surriv duh vwudljkwiruzdug1 Kdylqj glvfxvvhg wkh idplo| ri ohiw0�qlwh vhwv/ zh
lqwurgxfh wzr vhwv ri ixqfwlrqv iurp wkh udwlrqdo qxpehuv lqwr - dqg �=
Gh�qlwlrq 6 +Wkh Vhwv U dqg F, Zh gh�qh

U ' i s G " $ + m i%msE%� 9' fj 5 Ij

F ' i s G " $ � m i%msE%� 9' fj 5 Ij
Vr wkh hohphqwv ri U dqg F duh wkrvh uhdo ru frpsoh{ ydoxhg ixqfwlrqv rq T wkdw duh
qrq}hur rqo| rq d ohiw0�qlwh vhw/ l1h1 wkh| kdyh ohiw0�qlwh vxssruw1

Reylrxvo|/ zh kdyh U � F1 Lq wkh iroorzlqj/ zh zloo ghqrwh hohphqwv ri U dqg F e|
%/ +/ hwf1 dqg lghqwli| wkhlu ydoxhv dw ^ 5 " zlwk eudfnhwv olnh %d^o1 Zh dovr lqwurgxfh
wkh qrwdwlrq % ' � + l� %d^o ' +d^o iru doo ^ � o> dssduhqwo| ' � lv dq htxlydohqfh uhodwlrq1
Zh qrz gh�qh dulwkphwlf rq U dqg F iroorzlqj wkh suhvfulswlrq ri wkh Kdkq wkhru|=
Gh�qlwlrq 7 +Dgglwlrq dqg Pxowlsolfdwlrq rq U dqg F� Zh gh�qh dgglwlrq rq U
dqg F frpsrqhqwzlvh=

E%n +�d^o ' %d^o n +d^o
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Pxowlsolfdwlrq lv gh�qhg dv iroorzv1 Iru ^ 5 " zh vhw
E% � +�d^o ' [

^ � c �̂ 5 " c
�̂ n �̂ ' ^

%d �̂ o � +d �̂ o

Zh uhpdun wkdw U dqg F duh forvhg xqghu dgglwlrq> ehfdxvh ri wkh ohiw0�qlwhqhvv ri
wkh vxssruw/ rqo| �qlwho| pdq| frqwulexwlrqv dsshdu lq wkh vxp> dqg �qdoo|/ t�TTE% �+� �
t�TTE%� n t�TTE+� 5 I 1

Lw wxuqv rxw wkdw wkh rshudwlrqv . dqg � zh mxvw gh�qhg rq U dqg F pdnh +U/./�, dqg
+F/./�, lqwr �hogv1 Lw lv vwudljkwiruzdug doehlw voljkwo| whglrxv wr vkrz wkh ulqj vwuxfwxuh1
Ohppd 5 +U/./�, dqg +F/./�, duh frppxwdwlyh ulqjv zlwk xqlwv1
Dqg yld wkh hpehgglqj

�E%�d^o '
� % �u ^ ' f

f i*ti
wkh| wulyldoo| h{whqg wkh uhdo dqg frpsoh{ qxpehuv/ uhvshfwlyho|1 Zh dovr gh�qh dq
hohphqw _ 5 U dv

_d^o '
� � �u ^ ' �

f i*ti
Wkhruhp 4 Wkh vhwv F dqg U kdyh wkh vdph fduglqdolw|1
Surri=
Vlqfh zh frqvwuxfwhg dq lqmhfwlyh pdsslqj � G + $ Fc zh kdyh fdug+U, ' S � fdugEF�1
Rq wkh rwkhu kdqg/ hyhu| hohphqw ri F lv xqltxho| ghwhuplqhg e| d vhtxhqfh ri vxssruw
srlqwv dqg wzr vhtxhqfhv ri ixqfwlrq ydoxhv +iru wkh uhdo dqg lpdjlqdu| sduwv uhvshfwlyho|,1
Vr F fdq eh pdsshg lqmhfwlyho| wr d vxevhw ri wkh vhw ri ixqfwlrqv � $ + � +zkhuh zh
djuhh wr dsshqg wulsohwv ri }hurhv li wkh vhw ri vxssruw srlqwv lv �qlwh,1 Wkxv e| wkh odzv
iru fduglqdo qxpehu dulwkphwlf/ lw iroorzv wkdw

fdugEF� � ES � � � � ' S � � ' S ' U@h_E+�c
dqg dowrjhwkhu zh rewdlq fdug+U,@fdugEF�1

Lq wkh iroorzlqj vhfwlrqv/ zh ghyhors wkh irxqgdwlrq ri d zrundeoh fdofxoxv iru wkh
Ohyl0Flylwd �hog1

5 Vwuxfwxuh ri wkh Ohyl0Flylwd �hog
Lq klv zrun derxw Uc Ohyl0Flylwd ^:/ ;` vkrzhg wkdw U lv d �hog/ pruh ru ohvv e| vwudljk0
iruzdug exw oderulrxv frqvwuxfwlrq ri lqyhuvhv wkurxjk vroylqj olqhdu v|vwhp/ dqg wkhq
uhdol}hg wkdw dq| srzhu vhulhv zlwk uhdo frh!flhqwv frqyhujhv iru lq�qlwho| vpdoo hohphqwv1
Wkh �hog zdv wkhq odwhu dovr vwxglhg e| Rvwurzvnl ^45`/ Qhghu ^44`/ Odxjzlw} ^9`/ dqg lq
klv odwhu |hduv e| Urelqvrq ^<`1 Iurp jhqhudo surshuwlhv ri irupdo srzhu vhulhv �hogv lw
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iroorzv wkdw F lv dojheudlfdoo| forvhg ^43/ 47`/ dqg dv d frqvhtxhqfh dovr U lv uhdo0forvhg1
Iru d jhqhudo ryhuylhz ri wkh dojheudlf surshuwlhv ri irupdo srzhu vhulhv �hogv/ zh uhihu
wr wkh h{fhoohqw frpsuhkhqvlyh ryhuylhz e| Ulehqerlp ^48`/ dqg iru dq ryhuylhz ri wkh
uhodwhg ydoxdwlrq wkhru| wkh errn e| Nuxoo ^8`1 D wkrurxjk dqg frpsohwh wuhdwphqw ri
rughuhuhg vwuxfwxuhv fdq dovr eh irxqg lq ^46`1

Zh ehjlq rxu glvfxvvlrq zlwk d xvhixo wrro1
Wkhruhp 5 +Il{hg Srlqw Wkhruhp, Ohw ^ � 5 " eh jlyhq1 Gh�qh � � U +� � F,
wr eh wkh vhw ri doo hohphqwv % ri U +F, vxfk wkdw bE%� � ^ � 1 Ohw s G � $ F vdwlvi|
sE�� � � 1 Vxssrvh wkhuh h{lvwv & 5 " c & : f vxfk wkdw iru doo % � / % � 5 � dqg doo
^ 5 " c zh kdyh

% � ' � % � , sE% � � ' � 	 
 sE% � �� +514,
Wkhq wkhuh lv d xqltxh vroxwlrq % 5� ri wkh �{hg srlqw htxdwlrq

% ' sE%��
Surri=
Fkrrvh dq duelwudu| @ � 5� dqg gh�qhv uhfxuvlyho| @ ' sE@ � � �c � ' �c 2c ��� Vlqfh s pdsv
� lqwr lwvhoi/ wklv jlyhv d vhtxhqfh ri hohphqwv ri� wkdw vdwlv�hv @� dRo ' @� � � dRo uLh @** R 	
E� � �� � & n ^ � � Qh{w zh gh�qh d ixqfwlrq % G " $ � lq wkh iroorzlqj zd|= iru ^ 5 "
fkrrvh � 5 � vxfk wkdw E���� �&n^ � : ^1 Vhw %d^o G' @� d^o/ dqg qrwh wkdw e| wkh suhylrxv
dujxphqw/ wklv lv lqghshqghqw ri wkh fkrlfh ri ��Zh vhh wkdw % lv lqghhg d xqltxh �{hg
srlqw ri s�

Zkloh zh zloo pdlqo| dsso| wkh �{hg srlqw wkhruhp lq d jhqhudo vhwwlqj iru wkh vwxg|
ri dqdo|vlv/ lq sdvvlqj zh qrwh wkdw lw hqwdlov d txlfn surri ri wkh �hog surshuw| ri U dqgF dv zhoo dv wkhlu dojheudlf surshuwlhv1
Fruroodu| 4 +U/./�, dqg +F/./�, duh �hogv1 Pruhryhu/ ohw 5 5 U eh qrq}hur dqg vhw
^ ' bE5�1 Li ? 5 � lv hyhq dqg 5d^o lv srvlwlyh/ 5 kdv wzr ?0wk urrwv lq U1 Li ? lv hyhq
dqg 5d^o lv qhjdwlyh/ 5 kdv qr ?0wk urrwv lq U1 Li ? lv rgg/ 5 kdv d xqltxh ?0wk urrw lq U1
Ohw 5 5 F eh qrq}hur1 Wkhq 5 kdv ? glvwlqfw ?0wk urrwv lq F1 Pruhryhu/ iru dq| o 5 'c
wkh ydoxhv ri wkh lqyhuvh 5 �

� d^o dqg urrwv �
s5d^o fdq eh fdofxodwhg lq �qlwho| pdq| vwhsv1

Iru wkh surri rqh phuho| idfwruv rxw wkh frpsoh{ �ohdglqj whup� 5dbE5�o dqg lv wkxv
ohiw zlwk vwxg|lqj wkh sureohp iru 5 � �� Zulwlqj 5 ' � n +c wkh lqyhuvlrq sureohp dqg
urrw �qglqj sureohp duh htxlydohqw wr wkh �{hg srlqw sureohpv

% ' �+%� + dqg
% ' +

? � % � � � E%�? c
rq wkh vhw � ' i%m bE%� � bE+�jc uhvshfwlyho|/ zkhuh � lv d sro|qrpldo zlwk lqwhjhu
frh!flhqwv> iru ghwdlov vhh ^4/ 5`1 Lwhudwlrq jlyhv wkh ghvfulehg ydoxhv lq �qlwho| pdq|
vwhsv1

Lq d frqfhswxdoo| vlplodu zd| lw lv dovr srvvleoh wr ghwhuplqh urrwv ri sro|qrpldov
zlwk frh!flhqwv iurp F1 Rqh dgydqwdjh ri wklv dssurdfk lv wkdw lw qrw rqo| dvvxuhv wkh
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h{lvwhqfh ri wkh lqyhuvhv/ urrwv hwf/ exw lw dovr doorzv wkhlu h{solflw frqvwuxfwlrq wr dq|
ghvluhg ghswk ^ wkurxjk �qlwho| pdq| lwhudwlrqv ri wkh uljkw kdqg vlgh ri wkh �{hg srlqw
htxdwlrq e| yluwxh ri ht1 5141
Wkhruhp 6 +Fdxfk| Frpsohwhqhvv ri U dqg F, E@� � lv d Fdxfk| vhtxhqfh lq U ruF li dqg rqo| li E@� � frqyhujhv zlwk uhvshfw wr wkh rughu wrsrorw|1
Surri=
Ohw E@ � � eh d Fdxfk| vhtxhqfh lqU ru F1 Iru ^ 5 'c fkrrvh � � vxfk wkdw m@ � �@� m 	 _ � � �

iru doo ?c6 : � 	 / dqg vhw @d^o ' @ 
 � �  � Wkhq dssduhqwo| @ lv zhoo gh�qhg/ dqg lw lv d olplw
ri wkh vhtxhqfh E@ � �� Wkh rwkhu gluhfwlrq lv suryhg dqdorjrxvo| dv lq U= Ohw E@� � frqyhujh
vwurqjo| wr wkh olplw @1 Ohw " : f eh jlyhq1 Fkrrvh ? 5 � vxfk wkdw m@ � � @m 	 �

� ; D : ?1
Ohw qrz ? � c ? � : ? eh jlyhq1 Wkhq zh kdyh m@ � � � @ � � m � m@ � � � @mn m@� � � @m 	 �

� n �
� ' "1

Wkh surri iru F lv dqdorjrxv1
Xvlqj wkh lghd ri vwurqj frqyhujhqfh doorzv d vlpsoh uhsuhvhqwdwlrq ri wkh hohphqwv riU dqg F=

Wkhruhp 7 +H{sdqvlrq lq Srzhuv ri Gl�huhqwldov, Ohw EE �̂ �c E%d^ � o�� eh wkh vxssruw
srlqwv dqg ixqfwlrq ydoxhv ri % 5 U ru F 1 Wkhq wkh vhtxhqfh

%� '
�

[

 ! "
%d^ # o � _ $ %

frqyhujhv wr wkh olplw % zlwk uhvshfw wr wkh rughu wrsrorj|1 Khqfh zh fdq zulwh

% '
&
[

' ( )
%d '̂ o � _ * +

Surri=
Zlwkrxw orvv ri jhqhudolw|/ ohw wkh vhw ri vxssruw srlqwv i '̂ j eh lq�qlwh1 Ohw " : f lq U
eh jlyhq1 Fkrrvh ? 5 � vxfk wkdw _ , 	 "1 Vlqfh '̂ glyhujhv vwulfwo| dffruglqj wr ohppd
+4,/ wkhuh lv 6 5 � vxfk wkdw ^ - : ? ; D : 61 Khqfh zh kdyh E% . �%�d�o ' f iru doo � � ?
dqg iru doo D : 61 Wkxv m% . � %m 	 " iru doo D : 61 Wkhuhiruh/ E%/ � frqyhujhv vwurqjo| wr
%1

Zh zloo vhh wkdw srzhu vhulhv rq F �qg d xvhixo dssolfdwlrq lq glvfxvvlrq ri vr fdoohg
irupdo srzhu vhulhv1 Dv zh vkrz lq wkh iroorzlqj wkhruhp/ dq| srzhu vhulhv zlwk sxuho|
frpsoh{ frh!flhqwv frqyhujhv iru lq�qlwho| vpdoo dujxphqwv> ixuwkhupruh/ pxowlsolfdwlrq
fdq eh grqh whup e| whup lq wkh xvxdo irupdo srzhu vhulhv vhqvh/ dqg frqyhujhqfh lv
dozd|v dvvxuhg1 Wkhuhiruh/ irupdo srzhu vhulhv zlwk uhdo ru frpsoh{ frh!flhqwv sod| d
qdwxudo uroh dv surshu srzhu vhulhv lq wkh Ohyl0Flylwd �hogv1 Srzhu vhulhv zlwk jhqhudo
frh!flhqwv/ uhdo ru qrw/ dqg ryhu jhqhudo uhjlrqv/ duh vwxglhg lq ghwdlo lq dq dffrpsdq|lqj
sdshu ^4;`1
Wkhruhp 8 +Irupdo Srzhu Vhulhv, Dq| Srzhu vhulhv zlwk sxuho| frpsoh{ frh!flhqwv
frqyhujhv vwurqjo| rq dq| lq�qlwho| vpdoo edoo/ hyhq li wkh fodvvlfdo udglxv ri frqyhujhqfh
lv }hur1 Ixuwkhupruh/ rq dq| lq�qlwho| vpdoo edoo zh kdyh/ djdlq lqghshqghqwo| ri wkh
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udglxv ri frqyhujhqfh/ wkdw
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Surri=
Qrwh wkdw iru lq�qlwho| vpdoo % dqg dq| o 5 " c zh �qg dq 6 zlwk % � doo ' f iru dq| � : 61
Khqfh iru d �{hg o/ wkh deryh vxppdwlrq lqfoxghv rqo| �qlwho| pdq| whupv/ zklfk pd|
eh uhvruwhg dffruglqj wr wkh glvwulexwlyh odz1

Wr frqfoxgh wkh vhfwlrq/ zh kdyh d wkhruhp wkdw hvwdeolvkhv wkh xqltxhqhvv ri U dv
wkh vpdoohvw xvhixo �hog h{whqvlrq ri wkh uhdov1 Zh vd| wkh qrq0Dufklphghdq �hog g � lv
vpdoohu wkdq g � li hlwkhu wkh vnhohwrq jurxs M � ri g � lv frqwdlqhg lq wkh vnhohwrq jurxs
M � ri g � c ru li M � ' M � dqg g � � g � � Zh kdyh
Wkhruhp 9 +Xqltxhqhvv ri U, Wkh �hog U lv wkh vpdoohvw wrwdoo| rughuhg qrq dufkl0
phgldq �hog h{whqvlrq ri + wkdw lv frpsohwh zlwk uhvshfw wr wkh rughu wrsrorj| dqg wkdw
dgplwv urrwv ri srvlwlyh hohphqwv1
Surri=
Reylrxvo|/ U vdwlv�hv wkh phqwlrqhg frqglwlrqv1 Dovr/ wkh vnhohwrq jurxs ri dqrwkhu
vxfk �hog pxvw dw ohdvw frqwdlq ' ehfdxvh li dq ?wk urrw + ri % h{lvwv/ zh pxvw kdyh
bE+� ' bE%�*?� Lw uhpdlqv wr vkrz wkdwU fdq eh hpehgghg lq dq| rwkhu Fdxfk| frpsohwh
�hog zlwk vnhohwrq jurxs '( ohw V eh vxfk d �hog1

Ohw B 5 V eh srvlwlyh dqg lq�qlwho| vpdoo vxfk wkdw EB � � lv d qxoo vhtxhqfh1 Ohw B � � �

eh dq ?0wk urrw ri B1 Vxfk d urrw h{lvwv dffruglqj wr wkh uhtxluhphqwv1 Qrz revhuyh wkdw
EB �

� � � � ' EB �
� � � � � � �

� ; R 5 � 1 Vr ohw ^ ' � � 5 " / dqg ohw B � ' EB  
! � � � 1 Wklv hohphqw lv

xqltxh1 Ixuwkhupruh/ B � lv vwloo lq�qlwho| vpdoo iru ^ : f1 Ohw ^  	 ^ " 1 Wkhq zh fohduo|
kdyh B � # : B � $ 1 Qrz ohw @ 5 +1 Vlqfh V lv dq h{whqvlrq ri -c zh dovr kdyh @ 5 Vc dqg
wkxv @ � B % 5 V1

Qrz ohw EE &̂ �c E%d^ & o�� eh wkh wdeoh ri dq hohphqw % ri U1 Frqvlghu wkh vhtxhqfh

r' '
'

[

( ) * %d (̂ oB + , �

Wkhq lq idfw wklv vhtxhqfh frqyhujhv lq V= Ohw " : f eh jlyhq1 Vlqfh/ dffruglqj wr wkh
uhtxluhphqwv/ EB ' � frqyhujhv wr }hur/ wkhuh h{lvwv ? 5 � vxfk wkdw mB - m 	 " ; D � ?1 Vlqfh
wkh vhtxhqfh E .̂ � vwulfwo| glyhujhv/ wkhuh lv 6 5 � vxfk wkdw ^ / : ? n � ; > : 61 Exw
wkhq zh kdyh iru duelwudu| > 0 : > 1 : 6=
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dqg wkxv wkh vhtxhqfh frqyhujhv ehfdxvh ri wkh Fdxfk| frpsohwhqhvv ri V1 Zh qrz dvvljq
wr hyhu| hohphqw S �

� � � %d �̂ o � _ � � ri U wkh hohphqw S �
� � � %d �̂ o � B � � ri V1 Wklv pdsslqj lv

lqmhfwlyh1 Ixuwkhupruh/ zh lpphgldwho| yhuli| wkdw lw lv frpsdwleoh zlwk wkh dojheudlf
rshudwlrqv dqg wkh rughu rq U1
Uhpdun 4 Lq wkh surri ri wkh xqltxhqhvv/ zh qrwhg wkdw B zdv rqo| uhtxluhg wr eh srvl0
wlyh dqg lq�qlwho| vpdoo dqg vxfk wkdw EB � � lv d qxoo vhtxhqfh1 Exw ehvlghv wkdw/ lwv dfwxdo
pdjqlwxgh zdv luuhohydqw1 Wkxv/ qrqh ri wkh lq�qlwho| vpdoo txdqwlwlhv lv vljql�fdqwo|
gl�huhqw iurp wkh rwkhuv1 Lq sduwlfxodu/ wkhuh lv d qdwxudo dxwrprusklvp ri U jlyhq e|
wkh pdsslqj % :$ %� c zkhuh % � d^o ' K � %d@ � ^o> @ 5 " / K 5 -c @c K : f �{hg1 Wklv surshuw|
kdv qr dqdorj| lq U1

6 Frqwlqxlw| dqg Gl�huhqwldelolw|
Zh zloo lqwurgxfh wkh frqfhswv ri frqwlqxlw| dqg gl�huhqwldelolw| rq U dqg F lq wklv
vhfwlrq1 Wklv lv grqh dv lq U yld wkh "� B0 phwkrg1 Ehfdxvh zlwkrxw ixuwkhu uhvwulfwlrqv/
" dqg B pd| eh ri d frpsohwho| pdjqlwxgh uhvxowlqj lq udwkhu zhdn uhtxluhphqwv/ d
vwurqjhu frqglwlrq lv dovr lqwurgxfhg1
Gh�qlwlrq 8 +Frqwlqxlw| dqg Htxlfrqwlqxlw|, Wkh Ixqfwlrq s G ( � U $ U lv
fdoohg frqwlqxrxv dw wkh srlqw % 	 5 (/ li iru dq| srvlwlyh " 5 U wkhuh lv d srvlwlyh B 5 U
vxfk wkdw

msE%�� sE% 	 �m 	 " iru dq| % 5 ( zlwk m%� % 	 m 	 B�
Wkh ixqfwlrq lv fdoohg htxlfrqwlqxrxv dw wkh srlqw % 	 / li iru dq| " lw lv srvvleoh wr fkrrvh
wkh B lq vxfk d zd| wkdw B � "1

Zh qrwh wkdw wkh vwurqjhu frqglwlrq ri htxlfrqwlqxlw| lv dxwrpdwlfdoo| vdwlv�hg lq U/
vlqfh wkhuh zh dozd|v kdyh " � B1
Wkhruhp : +Uxohv derxw Frqwlqxlw|, Ohw sc } G ( � U $ U eh +htxl,frqwlqxrxv dw
wkh srlqw % 5 ( +dqg wkhuh � �,1 Wkhq s n } dqg s � } duh +htxl,frqwlqxrxv dw wkh srlqw
%1 Ohw � eh +htxl,frqwlqxrxv dw wkh srlqw sE%�/ wkhq � � s lv +htxl,frqwlqxrxv dw wkh srlqw
%1
Surri=
Wkh surri lv dqdorjrxv wr wkh fdvh ri U1
Gh�qlwlrq 9 +Gl�huhqwldelolw|/ Htxlgl�huhqwldelolw|, Wkh ixqfwlrq s G ( � U $U lv fdoohg gl�huhqwldeoh zlwk ghulydwlyh } dw wkh srlqw % 
 5 (/ li iru dq| srvlwlyh " 5 Uc
zh fdq �qg d srvlwlyh B 5 U vxfk wkdw

�

�

�

�

sE%�� sE% � �
%� % �

� }
�

�

�

�

	 " iru dq| % 5 (qi% � j zlwk m%� % � m 	 B�

Li wklv lv wkh fdvh/ zh zulwh } ' s  E% � �1 Wkh ixqfwlrq lv fdoohg htxlgl�huhqwldeoh dw wkh
srlqw % � c li iru dq| dw prvw �qlwh " lw lv srvvleoh wr fkrrvh B vxfk wkdw B � "1

Dqdorjrxvo|/ zh gh�qh gl�huhqwldelolw| rq F xvlqj devroxwh ydoxhv1
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Wkhruhp ; +Uxohv derxw Gl�huhqwldelolw|, Ohw sc } G ( $ U eh +htxl,gl�huhqwldeoh
dw wkh srlqw % 5 ( +dqg qrw lq�qlwho| odujh wkhuh,1 Wkhq sn} dqg s �} duh +htxl,gl�huhqwldeoh
dw wkh srlqw %/ dqg wkh ghulydwlyhv duh jlyhq e| Esn}� � E%� ' s � E%�n} � E%� dqg Es �}� � E%� '
s � E%�}E%� n sE%�} � E%�1 Li sE%� 9' f +sE%� � �,/ wkh ixqfwlrq �*s lv +htxl,gl�huhqwldeoh
dw wkh srlqw % zlwk ghulydwlyh E�*s� � E%� ' �s � E%�*s � E%�1 Ohw � eh gl�huhqwldeoh dw wkh
srlqw sE%�c wkhq � � s lv gl�huhqwldeoh dw wkh srlqw %/ dqg wkh ghulydwlyh lv jlyhq e|
E� � s�� E%� ' �� EsE%�� � s � E%�1
Surri=
Wkh surriv duh grqh dv lq wkh fdvh ri U1 Iru htxlgl�huhqwldelolw| zh dovr jhw " � B1

Ixqfwlrqv wkdw duh surgxfhg e| d �qlwh qxpehu ri dulwkphwlf rshudwlrqv iurp frqvwdqwv
dqg wkh lghqwlw| kdyh wkhuhiruh wkh vdph surshuwlhv ri vprrwkqhvv dv lq - dqg F1 Lq
sduwlfxodu/ zh rewdlq
Fruroodu| 5 +Gl�huhqwldelolw| ri Udwlrqdo Ixqfwlrqv, D udwlrqdo ixqfwlrq +zlwk
sxuho| frpsoh{ frh!flhqwv, lv +htxl,gl�huhqwldeoh dw dq| +�qlwh, srlqw zkhuh wkh ghqrpl0
qdwru grhv qrw ydqlvk +lv � �, 1

Krzhyhu/ iru ixqfwlrqv wkdw fdqqrw eh h{suhvvhg rqo| lq whupv ri dojheudlf rshudwlrqv
dqg olplwv/ wklv phwkrg lv qrw dssolfdeoh/ dqg rwkhu phwkrgv wr gh�qh frqwlqxdwlrqv duh
qhhghg1 Lq sduwlfxodu/ zh duh lqwhuhvwhg lq suhvhuylqj dv pdq| ri wkh ruljlqdo vprrwkqhvvv
surshuwlhv dv srvvleoh1
Gh�qlwlrq : +Dqdo|wlf Frqwlqxdwlrq rq U dqg F, Ohw s eh dq dqdo|wlf ixqfwlrq rq
wkh uhjlrq ( � - ru �1 Wr wkh ixqfwlrq s / zh frqvwuxfw dq dqdo|wlf frqwlqxdwlrq 7s rq
doo srlqwv lq�qlwho| forvh wr ( dv iroorzv= Zulwh 7% ' f n %/ zlwk f 5 # / m%m dw prvw
lq�qlwho| vpdoo/ dqg gh�qh 7sE7%� dv=

7sE7%� '
�
[

� � � s � � 	 Ef� � % 

�-

Wkhruhp < +Frqwlqxdwlrq ri Gl�huhqwldeoh Ixqfwlrqv, Ohw s eh dq dqdo|wlf ixqf0
wlrq rq ( � + ru �� Wkhq wkh frqwlqxhg ixqfwlrq 7s lv lq�qlwho| pdq| wlphv htxlgl�hu0
hqwldeoh/ dqg iru uhdo ru frpsoh{ srlqwv lq (c wkh ghulydwlyhv ri s dqg 7s djuhh1
Surri=
Ohw % 5 d@c Ko1 Zh zloo �uvw frqvlghu wkh fdvh ri �qlwh "1 Zh fkrrvh d B vxfk wkdw iru doo
uhdo � zlwk m�m 	 2Bc wkh gl�huhqfh txrwlhqw EsE-eE%� n ��� sE-eE%���*� grhv qrw gl�hu
iurp wkh ghulydwlyh e| pruh wkdq "*21 Ohw qrz � 5 U eh srvlwlyh zlwk m�m 	 B/ dqg ohw
� � eh lwv uhdo sduw1 Iru � � ' fc wkh gl�huhqfh ehwzhhq wkh ghulydwlyh dqg wkh gl�huhqfh
txrwlhqw lv lq�qlwho| vpdoo/ dqg wkhuhiruh fhuwdlqo| vpdoohu wkdq wkh �qlwh "1 Rwkhuzlvh/
vlqfh m� � m 	 2B/ zh lqihu wkdw wkh gl�huhqfh txrwlhqw grhv qrw glvdjuhh zlwk wkh ghulydwlyh
e| pruh wkdq "1

Rq wkh rwkhu kdqg/ iru " � �/ revhuyh wkdw vlqfh B kdv wr eh fkrvhq zlwk B � "/ lw lv
vx!flhqw wr vwxg| rqo| wkh srlqwv wkdw duh lq�qlwho| qhdu wr %> exw iru wkrvh srlqwv/ wkh
ixqfwlrq 7s lv jlyhq e| d srzhu vhulhv/ zklfk lv gl�huhqwldeoh wr wkh dgyhuwlvhg ydoxhv1

Dv phqwlrqhg ehiruh/ ixqfwlrqv gh�qhg e| dojheudlf rshudwlrqv dqg olplwv/ hvshfldoo|
udwlrqdo ixqfwlrqv dqg srzhu vhulhv/ fdq dovr eh frqwlqxhg gluhfwo| e| yluwxh ri wkhlu
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dojheudlf dqg frqyhujhqfh surshuwlhv1 Krzhyhu/ lq wklv fdvh wkh vdph uhvxow lv rewdlqhg1
Lq dq dffrpsdq|lqj sdshu ^4;`/ zh vkrz wkdw dovr srzhu vhulhv duh gl�huhqwldeoh1

Iru doo htxlgl�huhqwldeoh ixqfwlrqv/ zh rewdlq d ixqgdphqwdo
Wkhruhp 43 +Ghulydwlyhv duh Gl�huhqwldo Txrwlhqwv, Ohw s G ( $ U eh d ixqfwlrq
wkdw lv htxlgl�huhqwldeoh dw wkh srlqw % 5 (1 Ohw m�m � _ � / dqg % n � 5 (1 Wkhq wkh
ghulydwlyh ri s vdwlv�hv

s � E%� ' �
sE%n ��� sE%�

�
Lq sduwlfxodu/ wkh uhdo sduw ri wkh ghulydwlyh fdq eh fdofxodwhg h{dfwo| iurp wkh gl�huhqwldo
txrwlhqw iru dq| lq�qlwho| vpdoo �1
Surri=
Ohw � eh dv lq wkh uhtxluhphqw/ � ' � � � _ � � E� n � � �/ zlwk � � 5 +/ � � dv ehiruh/ dqg
wkhuhiruh o � : o1 Fkrrvh qrz " ' _ � � 	 � 
 � �  > vlqfh s lv htxlgl�huhqwldeoh/ zh fdq �qg d
srvlwlyh B � " vxfk wkdw iru dq| {% zlwk m{%m 	 Bc wkh gl�huhqwldo txrwlhqw gl�huv ohvv
wkdq " iurp wkh ghulydwlyh dqg khqfh

�

�

�

� � � � � � � � � � � �
� � � s � E%�

�

�

� lv lq�qlwho| vpdoohu wkdq _� 1
Exw dssduhqwo|/ wkh deryh � vdwlv�hv m�m 	 B1

Wklv lv d fhqwudo wkhruhp/ ehfdxvh lw doorzv wkh fdofxodwlrq ri ghulydwlyhv ri ixqfwlrqv rq
U e| vlpsoh dulwkphwlf rqU1 Lw irupv wkh edvlv ri pxfk ri wkh zrun rq wkh frpsxwdwlrqdo
gl�huhqwldwlrq ri frpsxwhu ixqfwlrqv ^6/ 4:`1

Wkh iroorzlqj frqvhtxhqfh lv riwhq lpsruwdqw iru sudfwlfdo sxusrvhv1
Fruroodu| 6 +Uhpdlqghu Irupxod, Ohw s eh d ixqfwlrq htxlgl�huhqwldeoh dw %/ ohwm�m � �1 Wkhq zh rewdlq=

sE%n �� ' sE%� n � � s � E%� n oE%c �� � � � c
zlwk dq dw prvw �qlwh uhpdlqghu oE%c ��1
Surri=
Ohw ^ ' bE��1 Wkhq zh kdyh e| wkh deryh wkhruhp

s � E%� ' � sE%n ��� sE%�
� ; o 	 ^c

iurp zklfk zh jhw e| pxowlsolfdwlrq zlwk � dqg uhduudqjhphqw ri whupv
sE%n �� ' � � � sE%� n s � E%� � � ; o 	 ^�

Ohw( eh wkh gl�huhqfh ehwzhhq wkh ohiw dqg wkh uljkw kdqg vlgh1 Fohduo|(doo ' f ; o 	 2^1
Ohw oE%c �� ' (*� � 1 Wkhq zh kdyh oE%c ��doo ' f ; o 	 f/ dqg wkhuhiruh wkh h{shfwhg
uhvxow

sE%n �� ' sE%� n s � E%� � �n oE%c �� � � � c
dv fodlphg1
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H{dpsoh 4 +Fdofxodwlrq ri Ghulydwlyhv zlwk Gl�huhqwldov, Ohw xv frqvlghu wkh
ixqfwlrq sE%� ' % � � 2%1 s lv gl�huhqwldeoh rq U/ dqg zh kdyh s � E%� ' 2% � 21 Dv zh
nqrz/ zh fdq jhw fhuwdlq dssur{lpdwlrqv wr wkh ghulydwlyh dw wkh srvlwlrq % e| fdofxodwlqj
wkh gl�huhqfh txrwlhqw

sE%n{%�� sE%�
{%

dw wkh srvlwlrq %1 Urxjko| vshdnlqj/ wkh dffxudf| lqfuhdvhv li {% jhwv vpdoohu1 Lq wkh
hqodujhg �hog U/ lq�qlwho| vpdoo txdqwlwlhv duh dydlodeoh/ dqg wkxv lw lv qdwxudo wr fdofxodwh
wkh gl�huhqfh txrwlhqw iru vxfk lq�qlwho| vpdoo qxpehuv1 Iru h{dpsoh ohw {% ' _> zh
rewdlq

sE%n _�� sE%�
_ ' E% � n 2%_n _ � � 2%� 2_�� E% � � 2%�

_ ' 2%� 2 n _
Zh uhdol}h wkdw/ lq djuhhphqw zlwk wkh odvw wkhruhp/ wkh gl�huhqfh txrwlhqw gl�huv iurp
wkh h{dfw ydoxh ri wkh ghulydwlyh e| rqo| dq lq�qlwho| vpdoo huuru1 Li doo zh duh lqwhuhvwhg
lq lv wkh xvxdo uhdo ghulydwlyh ri wkh uhdo ixqfwlrq s G + $ +c wkhq wklv lv jlyhq h{dfwo| e|
wkh cuhdo sduw* ri wkh gl�huhqfh txrwlhqw1

Wklv revhuydwlrq lv ri juhdw ixqgdphqwdo dqg sudfwlfdo lpsruwdqfh/ vlqfh wkh rshudwlrqv
rq U fdq eh lpsohphqwhg gluhfwo| rq d frpsxwhu1 Wkxv zh duh qrz deoh wr ghwhuplqh
h{dfw ghulydwlyhv qxphulfdoo|1 Wklv lv d gudvwlf lpsuryhphqw frpsduhg wr doo qxphulfdo
phwkrgv rshudwlqj zlwk gl�huhqfhv1

Wkhuh lv dovr d jhqhudol}dwlrq ri wkh frqfhsw ri htxlgl�huhqwldelolw| edvhg rq wkh
phwkrg ri ghulydwhv1 Wklv phwkrg kdv wkh frqvhtxhqfh wkdw dq| � � ixqfwlrqv fdq orfdoo|
eh h{sdqghg lq srzhu vhulhv dqg wkxv dvvxph d sduwlfxoduo| fohdu vwuxfwxuh1

7 Lpsurshu Ixqfwlrqv
Fohduo| wkh fodvv ri udwlrqdo ru frqwlqxhg ixqfwlrqv lv udwkhu vpdoo frpsduhg wr wkh fodvv
ri doo srvvleoh vprrwk ixqfwlrqv rq U ru F1 Lq sduwlfxodu/ zh duh lqwhuhvwhg lq fhuwdlq
ixqfwlrqv wkdw fdqqrw eh rewdlqhg e| frqwlqxdwlrq iurp - ru �/ olnh Ghowd Ixqfwlrqv1
Gh�qlwlrq ; +Vfdohg Frqwlqxhg Ixqfwlrqv, Ohw s eh d ixqfwlrq rq ( lq U ru F1
Wkhq zh zloo fdoo s d vfdohg frqwlqxhg ixqfwlrq li s fdq eh zulwwhq dv

s ' , � � s � � , � c
zkhuh , � E%� ' @ � n K � � % dqg , � E%� ' @ � n K � � % duh olqhdu ixqfwlrqv zlwk frh!flhqwv iurpU ru F dqg zkhuh s � lv d frqwlqxhg ixqfwlrq1

Zh zloo vhh wkdw zkloh hqkdqflqj rxu srro ri lqwhuhvwlqj ixqfwlrqv vxevwdqwldoo|/ wkh
deryh lqwurgxfhg vfdohg qrupdo ixqfwlrqv ehkdyh yhu| vlploduo| wr wkh qrupdo ixqfwlrqv1

Dqrwkhu lqwhuhvwlqj fodvv ri lpsurshu ixqfwlrqv duh wkh ghowd ixqfwlrqv=
Gh�qlwlrq < +Ghowd Ixqfwlrqv, Ohw 7s � =- $ - eh frqwlqxrxv/ ? wlphv gl�huhqwldeoh
zlwk U �

	 � 7s 
 E%� _% ' �� Ohw s 
 eh wkh rughu ? frqwlqxdwlrq ri 7s 
 / dqg ohw S �� Wkhq wkh
ixqfwlrq s zlwk

s E%� '
� f iru m%m  �*S

S � s � ES � %� hovh
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lv fdoohg d ghowd ixqfwlrq1
Ohppd 6 Ghowd Ixqfwlrqv ydqlvk iru doo dujxphqwv zlwk �qlwh ru lq�qlwho| odujh devroxwh
ydoxh/ dqg wkhuh duh srlqwv lq�qlwho| forvh wr wkh ruljlq zkhuh wkh| dvvxph lq�qlwho| odujh
ydoxhv1
Vr dssduhqwo| wkh gh�qlwlrq ri ghowd ixqfwlrqv mxvw iroorzv wkh lqwxlwlyh frqfhsw1 Zlwklq
wkhrulhv ri lqwhjudwlrq rq wkh Ohyl0Flylwd �hogv ghyhorshg hovhzkhuh rqh vhhv wkdw wkh|
fdq eh lqwhjudwhg/ dqg vdwlvi| wkh idprxv lqwhjudo surmhfwlrq surshuw|1
H{dpsoh 5 +Vrph Ghowd Ixqfwlrqv, Wkh iroorzlqj ixqfwlrqv duh ghowd ixqfwlrqv=

B � E%� '
� �*_ iru % 5 d�_*2c _*2o

f hovh
B � E%� '

� E�� m%m*_�*_ iru % 5 d�_c _o
f hovh

B � E%� '
;

?

=

E�� % � *2_ � �*2_ iru % 5 d�_c _o
Em%m � 2_� � *e_ � iru _ 	 m%m � 2_
f hovh

B � E%� '
� i Td�% � *_ � o*s2Z_ iru m%m*_ qrw lq�qlwh

f hovh
Wkh vhfrqg h{dpsoh lv frqwlqxrxv rq U/ wkh wklug dqg irxuwk hyhq gl�huhqwldeoh rq U1
8 Lqwhuphgldwh Ydoxhv dqg Urooh*v Wkhruhp
Lq wklv vhfwlrq zh zloo glvfxvv fhuwdlq ixqgdphqwdo dqg lpsruwdqw frqfhswv ri dqdo|vlv/
qdpho| wkrvh ri lqwhuphgldwh ydoxhv dqg ri h{wuhpd ri ixqfwlrqv1 Lq wkh fdvh ri uhdo ixqf0
wlrqv/ frqwlqxlw| lv vx!flhqw iru wkh ixqfwlrq wr dvvxph lqwhuphgldwh ydoxhv dqg h{wuhpd1
Lq dq dffrpsdq|lqj sdshu ^4;` dqg lq ^49`/ vlplodu uhvxowv duh rewdlqhg iru d pruh vshfldo
fodvv ri ixqfwlrqv/ wkh srzhu vhulhv/ exw zlwkrxw uhvwulfwlrqv rq pdjqlwxghv rq ghulydwlyhv1
Krzhyhu/ lq U/ vrphzkdw vwurqjhu frqglwlrqv duh uhtxluhg1 Zh ehjlq e| ghprqvwudwlqj
wkdw lq U/ frqwlqxlw| lv qrw hqrxjk wr jxdudqwhh wkdw lqwhuphgldwh ydoxhv eh dvvxphg1
H{dpsoh 6 +Frqwlqxrxv Ixqfwlrqv dqg Lqwhuphgldwh Ydoxhv, Ohw xv frqvlghu wzr
ixqfwlrqv/ gh�qhg rq wkh lqwhuydo d��cn�o G

s � E%� '
� �� li % � f ru +% : f dqg %� ��

� hovh
s � E%� ' -eE%��

Zh uhihu wr s � dv wkh Plfur Jdxvv eudfnhw/ dv lw ghwhuplqhv wkh +xqltxh, uhdo sduw ri %1
Erwk s 	 dqg s 
 duh frqwlqxrxv> iru dq| " mxvw fkrrvh B ' _ dqg xwlol}h wkdw erwk

ixqfwlrqv duh frqvwdqw rq wkh _ qhljkerukrrg durxqg % iru dq| % 5 d��cn�o � U1 Wkh
ixqfwlrq s 
 lv hyhq htxlfrqwlqxrxv= iru dq| " : f lq Uc fkrrvh B ' "*21

Exw wkh ixqfwlrq s 	 grhv qrw dvvxph wkh ydoxh f zklfk fhuwdlqo| olhv ehwzhhq s 	 E���
dqg s 	 En��1Wkh ydoxhv ri wkh ixqfwlrq s 
 duh sxuho| uhdo/ zklfk lpsolhv wkdw _ zloo qrw
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eh dvvxphg/ zkloh lw lv reylrxvo| dq lqwhuphgldwh ydoxh1 Rq wkh rwkhu kdqg/ s � dw ohdvw
frphv lq�qlwho| forvh wr dq| lqwhuphgldwh ydoxh1

Wkh qh{w wkhruhp zloo vkrz wkdw lqwhuphgldwh ydoxhv duh dvvxphg xqghu d frqglwlrq
rq wkh ghulydwlyh1
Wkhruhp 44
+Lqwhuphgldwh Ydoxh Wkhruhp, Ohw s eh d ixqfwlrq gh�qhg rq wkh �qlwh lqwhuydo d@c Ko/
dqg ohw s eh htxlgl�huhqwldeoh wkhuh1 Ixuwkhupruh/ dvvxph sE%� lv �qlwh/ s � E%� � � lq
d@c Ko1 Wkhq s dvvxphv hyhu| lqwhuphgldwh ydoxh ehwzhhq sE@� dqg sEK�1
Surri=
Ohw 7 eh dq lqwhuphgldwh ydoxh ehwzhhq sE@� dqg sEK�1 Zh ehjlq e| ghwhuplqlqj dq
f 5 d@c Ko vxfk wkdw m7 � sEf�m lv lq�qlwho| vpdoo1

Lq fdvh 7 olhv lq�qlwho| qhdu sE@�/ fkrrvh f ' @> rwkhuzlvh/ li 7 olhv lq�qlwho| qhdu
sEK�/ fkrrvh f ' K1 Rwkhuzlvh/ ohw 7 � / @ � / K � eh wkh uhdo sduwv ri 7/ @/ K/ uhvshfwlyho|1
Gh�qh d uhdo ixqfwlrq s � G d@ � c K � o$ - dv iroorzv=

s � Eo� '
;

?

=

?EsEo�� li o 5 E@ � c K � �?EsE@�� li o ' @ �?EsEK�� li o ' K �

zkhuh �?� ghqrwhv wkh uhdo sduw1 Wkhq dv d uhdo ixqfwlrq/ s � lv frqwlqxrxv rq d@ � c K � o1
Vlqfh 7 lv qrw lq�qlwho| qhdu sE@� ru sEK�/ zh lqihu wkdw 7 � olhv ehwzhhq s � E@ � � dqg s � EK � �/
dqg khqfh wkhuh lv d uhdo f 5 E@ � c K � � vxfk wkdw s � Ef� ' 7 � 1 Ehfdxvh @ � 	 f 	 K � dqg
doo wkuhh qxpehuv duh uhdo/ zh kdyh f 5 d@c Ko1 Ixuwkhupruh/ m7 � sEf�m � m7 � 7 � m nms � Ef�� sEf�m lv lq�qlwho| vpdoo dv ghvluhg1

Qrz ohw r ' 7�sEf�1 Zh wu| wr �qg dq lq�qlwho| vpdoo % vxfk wkdw fn% 5 d@c Ko dqg
7 ' sEf n %�� Ehfdxvh ri htxlgl�huhqwldelolw| ri s / zh jhw dffruglqj wr wkh uhpdlqghu
irupxod=

7 ' sEf n %� ' sEf� n s � Ef� � %n oEfc %� � % � c
zkhuh oEfc%� lv dw prvw �qlwh/ dqg e| dvvxpswlrq s � Ef� lv �qlwh dv zhoo1 Wudqviruplqj
wkh frqglwlrq rq % wr d �{hg srlqw sureohp/ zh rewdlq

% ' r
s � Ef��oEfc%�

s � Ef� � %
� ' 8 E%��

Fkrrvh qrz � ' i%mbE%� � bEr�cf n % 5 d@c Koj1 Wkhq oEfc%� dqg khqfh 8 duh
gh�qhg rq � 1 Dqg zh kdyh 8 E�� �� = Fohduo| rq � / bE8 E%�� ' bEr�1 Ixuwkhupruh/ li
f ' @/ r kdv wkh vdph vljq dv wkh ghulydwlyh lq d@c Ko dqg khqfh dv s � Ef�> wkxv % lv srvlwlyh/
hqwdlolqjfn% 5 d@c Ko> li f ' K/ r dqg s � Ef� kdyh rssrvlwh vljqv/ dqg khqfh % lv qhjdwlyh/
hqwdlolqj fn% 5 d@c Ko> dqg rwkhuzlvh/ f lv �qlwho| idu dzd| iurp erwk @ dqg K/ hqwdlolqj
f n % 5 d@c Ko� Zh qrz vkrz wkdw 8 lv frqwudfwlqj rq � iru dq| lq�qlwho| vpdoo ^ wkdw
vdwlv�hv ^ :: _ � � 	 
 � Ohw vxfk d ^ eh jlyhq> zh �uvw revhuyh wkdw ehfdxvh ri gl�huhqwldelolw|
dqg wkh �qlwhqhvv ri s � Ef�/ zh kdyh iru doo % 5� wkdw mEs Ef n %�� sEf��*%� s � Ef�m 	
^ � ms � Ef�m *e/ exw dovr mEs Ef n %� � sEf��*%� s � Ef n %�m 	 ^ � ms � Ef�m *ec dqg wkxv e|



Dqdo|wlfdo dqg Frpsxwdwlrqdo Phwkrgv iru wkh Ohyl0Flylwd Ilhog 66

wkh wuldqjoh lqhtxdolw| ms � Ef� � s � Ef n %�m 	 ^ � ms � Ef�m *2�Xvlqj wkh uhpdlqghu irupxod
dqg djdlq gl�huhqwldelolw|/ zh kdyh wkdw

m8 E% � �� 8 E% � �m ' �

�

�

�

oEfc % � �% �
� � oEfc % � �% �

�
s � Ef� � E% � � % � �

�

�

�

�

� m% � � % � m
'

�

�

�

�

sEf n % � �� sEf n % � �� s � Ef� E% � � % � �
s � Ef� E% � � % � �

�

�

�

�

� m% � � % � m
� ��

�

�

�

sEf n % � �� sEf n % � �
E% � � % � � � s � Ef n % � �

�

�

�

�

n ms � Ef n % � �� s � Ef� m� �
m% � � % � mms � Ef�m
	

�^
2 n ^

2
� � m% 	 � % 
 m ' ^ � m% 	 � % 
 m�

Wkxv 8 lv frqwudfwlqj dqg khqfh kdv d �{hg srlqw/ dvvxulqj wkdw wkh lqwhuphgldwh ydoxh
lv dvvxphg1

Wzr uhpdunv duh lq rughu1 Iluvw/ zkloh wkh wkhruhp lv vwdwhg khuh iru �qlwh ixqfwlrqv
zlwk �qlwh ghulydwlyh lq �qlwh grpdlqv/ d vlpsoh uh0vfdolqj ri grpdlqv ru ixqfwlrq ydoxhv
dqg revhuydwlrq wkdw wkh xqghuo|lqj olqhdu wudqvirupdwlrqv gr qrw fkdqjh wkh h{lvwhqfh ri
lqwhuphgldwh ydoxhv doorz lwv dssolfdelolw| iru d zlghu ydulhw| ri vlwxdwlrqv1 Ixuwkhupruh/
wkh surri vkrzv wkdw/ djdlq dw wkh h{shqvh ri fodulw|/ wkh uhtxluhphqwv ri wkh wkhruhp
fdq eh uhgxfhg wr dvnlqj wkdw wkh ghulydwlyh qrw ydqlvk dw wkh uhdo lqwhuphgldwh ydoxh1
Iru wkh prvw lpsruwdqw dssolfdwlrq ri wkh lqwhuphgldwh ydoxh wkhruhp lq sudfwlfh/ qdpho|
wkh frqvwuxfwlrq ri lqyhuvh ixqfwlrqv/ wklv krzhyhu grhv qrw uhsuhvhqw d pdmru uhvwulfwlrq/
vlqfh lqyhuvhv duh xvxdoo| qhhghg ryhu h{whqghg udqjhv1

Dv d fruroodu|/ e| dsso|lqj wkh lqwhuphgldwh ydoxh wkhruhp wr s � crqh dovr rewdlqv d
vshfldo yhuvlrq ri dq dqdorjxh wr Urooh*v Wkhruhp=
Fruroodu| 7 +Urooh*v Wkhruhp, Ohw s eh d ixqfwlrq rq wkh �qlwh lqwhuydo d@c Ko� Ohw
s eh htxlgl�huhqwldeoh wzlfh/ dqg ohw s � � � � rq d@c Ko� Wkhq wkhuh h{lvwv 1 5 d@c Ko zlwk
s  E1� ' f�
Dfnqrzohgjhphqwv

Iru vhyhudo xvhixo glvfxvvlrqv dqg frpphqwv/ L zrxog olnh wr wkdqn Ghwohy Odxjzlw}/
Mrkq K1 Frqzd|/ Qrupdq Doolqj/ Urehuw E1 Exufnho dqg Nkrgu Vkdpvhgglqh1 L dp dovr
judwhixo iru wkh dqrq|prxv uhihuhh iru srlqwlqj rxw dgglwlrqdo furvv frqqhfwlrqv zlwk wkh
jhqhudo wkhru| ri irupdo srzhu vhulhv �hogv1

Uhihuhqfhv
^4` P1 Ehu}1 Dqdo|vlv dxi hlqhu qlfkwdufklphglvfkhq Huzhlwhuxqj ghu uhhoohq ]dkohq1

Uhsruw +lq Jhupdq,/ Xqlyhuvlwçw Jlh�hq/ 4<;;1
^5` P1 Ehu}1 Dqdo|vlv rq d qrqdufklphghdq h{whqvlrq ri wkh uhdo qxpehuv1 Ohfwxuh Qrwhv/

4<<5 dqg 4<<8 Pdwkhpdwlfv Vxpphu Judgxdwh Vfkrrov ri wkh Jhupdq Qdwlrqdo Phulw
Irxqgdwlrq1 PVXFO0<66/ Ghsduwphqw ri Sk|vlfv/ Plfkljdq Vwdwh Xqlyhuvlw|/ 4<<71
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^6` P1 Ehu}1 Fdofxoxv dqg qxphulfv rq Ohyl0Flylwd �hogv1 Lq P1 Ehu}/ F1 Elvfkri/
J1 Fruolvv/ dqg D1 Julhzdqn/ hglwruv/ Frpsxwdwlrqdo Gl�huhqwldwlrq= Whfkqltxhv/
Dssolfdwlrqv/ dqg Wrrov/ sdjhv 4<�68/ Sklodghoskld/ 4<<91 VLDP1

^7` K1 Kdkq1 ßehu glh qlfkwdufklphglvfkhq Juù�hqv|vwhph1 Vlw}xqjvehulfkw ghu Zlhqhu
Dndghplh ghu Zlvvhqvfkdiwhq Dew1 5d/ 44:=934�988/ 4<3:1

^8` Zroijdqj Nuxoo1 Doojhphlqh ehzhuwxqjvwkhrulh1 M1 Uhlqh Dqjhz1 Pdwk1/ 49:=493�4<9/
4<651

^9` G1 Odxjzlw}1 Wxoolr Ohyl0Flylwd*v zrun rq qrqdufklphghdq vwuxfwxuhv +zlwk dq Ds0
shqgl{= Surshuwlhv ri Ohyl0Flylwd �hogv,1 Lq Dwwl Ghl Frqyhjql Olqfhl ;= Frq0
yhjqr Lqwhuqd}lrqdoh Fhoheudwlyr Gho Fhqwhqdulr Ghood Qdvflwd Gh Wxoolr Ohyl0Flylwd/
Dfdghpld Qd}lrqdoh ghl Olqfhl/ Urpd/ 4<:81

^:` Wxoolr Ohyl0Flylwd1 Vxjol lq�qlwl hg lq�qlwhvlpl dwwxdol txdol hohphqwl dqdolwlfl1 Dwwl
Lvw1 Yhqhwr gl Vf1/ Ohww1 hg Duw1/ :d/ 7=4:98/ 4;<51

^;` Wxoolr Ohyl0Flylwd1 Vxl qxphul wudqv�qlwl1 Uhqg1 Dff1 Olqfhl/ 8d/ :=<4/446/ 4;<;1
^<` D1 K1 Oljkwvwrqh dqg D1 Urelqvrq1 Qrqdufklphghdq Ilhogv dqg Dv|pswrwlf H{sdq0

vlrqv1 Qruwk Kroodqg/ Qhz \run/ 4<:81
^43` V1 PdfOdqh1 Wkh xqlyhuvdolw| ri irupdo srzhu vhulhv �hogv1 Exoohwlq Dphulfdq Pdwk0

hpdwlfdo Vrflhw|/ 78=;;;/ 4<6<1
^44` O1 Qhghu1 Prghoo hlqhu Ohleql}vfkhq Gl�huhqwldouhfkqxqj plw dnwxdo xqhqgolfk

nohlqhq Juù�hq1 Pdwkhpdwlvfkh Dqqdohq/ 44;=:4;�:65/ 4<7404<761
^45` D1 Rvwurzvnl1 Xqwhuvxfkxqjhq }xu dulwkphwlvfkhq Wkhrulh ghu Nùushu1 Pdwkhpdwlv0

fkh ]hlwvfkuliw/ 6<=59<�737/ 4<681
^46` V1 Sulhvv0Fudpsh1 Dqjhrugqhwh Vwuxnwxuhq= Juxsshq/ Nùushu/ Surmhnwlyh Hehqhq1

Vsulqjhu/ Ehuolq/ 4<;61
^47` I1 M1 Ud|qhu1 Dojheudlfdoo| Forvhg Ilhogv Dqdorjrxv wr Ilhogv ri Sxlvhx{ Vhulhv1 M1

Orqgrq Pdwk1 Vrf1/ ;=837�839/ 4<:71
^48` Sdxor Ulehqerlp1 Ilhogv= Dojheudlfdoo| Forvhg dqg Rwkhuv1 Pdqxvfulswd Pdwkhpdw0

lfd/ :8=448�483/ 4<<51
^49` N1 Vkdpvhgglqh1 Qhz Hohphqwv ri Dqdo|vlv rq wkh Ohyl0Flylwd Ilhog1 SkG wkhvlv/

Plfkljdq Vwdwh Xqlyhuvlw|/ Hdvw Odqvlqj/ Plfkljdq/ XVD/ 4<<<1 dovr PVXFO0447:1
^4:` N1 Vkdpvhgglqh dqg P1 Ehu}1 H{fhswlrq Kdqgolqj lq Ghulydwlyh Frpsxwdwlrq zlwk

Qrq0Dufklphghdq Fdofxoxv1 Lq P1 Ehu}/ F1 Elvfkri/ J1 Fruolvv/ dqg D1 Julhzdqn/
hglwruv/ Frpsxwdwlrqdo Gl�huhqwldwlrq= Whfkqltxhv/ Dssolfdwlrqv/ dqg Wrrov/ sdjhv
6:�84/ Sklodghoskld/ 4<<91 VLDP1

^4;` N1 Vkdpvhgglqh dqg P1 Ehu}1 Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri
Srzhu Vhulhv1 Lq wkhvh surfhhglqjv1


